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Abstract
We compare two tradable permit markets in their ability to meet a stated environmental target at least cost when some polluters have stochastic and non-measurable
emissions. The environmental target is of the safety-first type, which requires probabilistic emissions control. One market is built around the trading ratio, which defines
the substitution rate between stochastic and deterministic pollution, and is modeled
on existing markets for water quality trading. The other market is built around a new
definition of the pollution credit as a multi-attribute good, where the attributes supply
information to the market on the environmental risks associated with stochastic pollution loads. The market with multi-attribute credits is found to out-perform the trading
ratio market in its ability to satisfy the safety-first environmental target at least cost.
This result comes about because polluters are able to directly price risk in this market.
In the trading ratio market risk is not a factor in polluters’ trading decisions and is
only controlled, through the trading ratio, under highly restrictive conditions.
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Introduction

Beginning with the seminal works of Crocker (1966), Dales (1968) and Montgomery (1972),
a large literature has developed on the use of emissions trading to achieve environmental
targets. The economic case for emissions trading is that it can achieve environmental targets
at lower social cost than emissions taxes and traditional design and performance standards
(Tietenberg, 1990). Real world success stories for air emissions trading, such as the US
EPA’s Acid Rain Control Program (Lobsenz, 1993), have spurred interest in expanding the
scope of emissions trading to water-based pollutants (Shortle and Horan, 2008).
Water quality trading was the focus of Dales (1968), which recommended the market as
a tool for environmental management. However, it has not until recently been a focus of
applications of the tool. Interest is now high. Dozens of water quality trading initiatives
are underway for nutrients, sediments and other pollutants in the US and other countries
(Shortle and Horan, 2008). The economic appeal of water quality trading is, as is the
appeal of emissions trading generally, that it offers a means for achieving a cost-effective
allocation of allowable emissions among alternative pollution sources without environmental
regulators knowing the abatement costs of individual agents. This promise, if markets can
in fact be designed to realize it, is compelling for water pollution control in the US (Shortle
and Horan, 2008). Water pollution there has largely been regulated through non-tradable,
technology-based effluent permits applied to point sources of water pollution, while nonpoint
sources have been largely unregulated (Ribaudo, Heimlich, and Peters, 2005). The economic
consequence is that the pollution control that is achieved, because it does not consider
the relative costs of alternative point and nonpoint sources, is overly costly (Davies and
Mazurek, 1998; Ribaudo, Heimlich, and Peters, 2005). Studies show that water quality
2

trading programs could result in annual savings of US$ 1 billion when compared to the
traditional command-and-control type technology standards (US Environmental Protection
Agency, 2001).
Yet, while the promise of water pollution trading may be compelling, significant challenges
confront the design of markets that can realize it. Some key assumptions underpinning the
standard emissions trading model are that the polluter has deterministic control over loadings, and that they are cheaply and accurately measurable (Malik, Letson, and Crutchfield,
1993). In the context of water quality trading, these assumptions are valid for point sources,
but not for nonpoint sources (Shortle, 1987). Nonpoint water pollution is largely the result
of runoff from agricultural land and other uses. Farmers and other types of land owners cannot control the quality and quantity of runoff with precision; their abatement activities are
best characterized as influencing the probabilistic distribution of emissions from their land
(Segerson, 1988; Horan and Shortle, 2001). Further, the dispersed nature of nonpoint pollution makes cheap and accurate metering of emissions impossible. Observational uncertainty
compounds the inherent stochasticity of the process. These features of nonpoint pollution
raise two significant and related issues for market design. The first is what to define as the
nonpoint commodity. The second is how to design trading rules to manage nonpoint trading
risk.
The optimal basis for nonpoint instruments, whether for trading or other incentive or regulatory mechanisms, has been much discussed in the economic literature on nonpoint pollution.
The choices that have drawn attention are observable inputs or practices that affect nonpoint
pollution (e.g. fertilizer applications to farm land, farming practices that affect sediment or
nutrient runoff), emissions estimates constructed from observations on input and practices
(e.g. estimates of pollution delivery from farm fields using observations of inputs and practices as data), and realized ambient pollution loads. Tax / subsidy schemes based on realized
ambient loads have been of particular interest to economists as a means for nonpoint pollution
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control (e.g., Segerson, 1988; Cabe and Herriges, 1992; Horan, Shortle, and Abler, 2002), but
do not offer a plausible basis for nonpoint pollution trading because trading involves an exchange of individual responsibilities, while ambient loads measure group performance. Thus,
policy interest has largely focused on trading inputs and practices, or estimated pollution
loads.
The approach in US water quality trading programs is to define the tradable nonpoint
commodity in terms of estimated reductions in emissions or delivered loads (Shortle and
Horan, 2008). An important aspect of this approach should be noted in comparison to
conventional trading of actual, metered emissions. This is the enormous uncertainty about
the actual water quality outcomes of individual trades based on modeled emissions. This
uncertainty exists because the prediction errors for water quality models are known to be
quite large (National Research Council, 2001; Reckhow, 1994, 2003). This uncertainty is
addressed in US program design by the application of an “uncertainty” trading ratio to
nonpoint trades. The ratio is typically defined in terms of the reduction in nonpoint emissions
required to offset a unit of point source emissions. Designing uncertainty trading ratios to
address nonpoint risk has been the focus of the limited economic research on point-nonpoint
trading (e.g., Hennessy and Feng, 2008; Rabotyagov, Feng, and Kling, 2006; Malik, Letson,
and Crutchfield, 1993; Shortle, 1990). Three essential insights have resulted (Shortle and
Horan, 2008). One is that trading ratios are optimally differentiated across sources to address
differences in relative risk. A second insight is that optimal trading ratios defining the
exchange rate between nonpoint discharges and point source emissions may be less than one,
reflecting the fact that nonpoint sources are often a greater source of risk than point sources.
A third insight is that optimal trading ratios depend on the choices of other market design
parameters, including the allocation of initial allowances and the cap placed on the aggregate
supply of permits, and thus optimality requires selecting these parameters simultaneously.
These findings are contrary to standard practice in which point-nonpoint trading ratios
are almost always uniform across nonpoint sources or categories of nonpoint sources, often
4

(substantially) more than one, and specified independently of other parameters (Horan, 2001;
Shortle and Horan, 2008).
The economic literature thus points out flaws in the design of actual trading programs
that will affect their capacity to minimize costs and optimally manage water quality risk.
This paper will argue that those flaws aside, the use of modeled mean emissions as an
approximation of nonpoint source pollution and the use of trading ratios to address nonpoint
risk is suboptimal, and will offer an alternative market design that offers greater promise for
efficiency in water quality management through trading.
As noted above, water quality planners are concerned with risk. Emissions markets are
conventionally designed to meet an exogenously specified cap on a linear aggregation of
polluting emissions. When emissions are stochastic, an alternative to the conventional design
is to place a limit on the probability that the linear aggregation exceeds the exogenously
specified cap. Probabilistic environmental targets of this type are labeled “safety-first” and
are consistent with the Total Maximum Daily Load (TMDL) approach to water quality
management mandated by the Clean Water Act (Beavis and Walker, 1983; Lichtenberg
and Zilberman, 1988; Horan, Shortle, and Abler, 2002; Qiu, Prato, and McCamley, 2001;
National Research Council, 2001).
In this paper we develop the concept of a safety-first environmental target in the context of
water quality management and derive necessary conditions for the attainment of this target
at least cost. We then propose a market design and show that at equilibrium, and under
trivial conditions, the market outcome meets the safety-first target at least cost. The primary innovation in market rules, when compared to conventional environmental markets for
nonstochastic pollutants in which polluters trade emissions allowances, or US water quality
markets in which nonpoint sources trade estimated emissions-based credits, is in the definition of the nonpoint source credits. The nonpoint source credits traded in this market have
multiple attributes: the mean and variance of the underlying abatement and its covariances
5

with other abatements. We also study the performance of existing trading ratio-based water
quality trading markets vis-à-vis their attainment of the safety-first environmental target
and show that outcomes in this market are typically sub-optimal.
In the next section we formally derive the safety-first environmental target and then obtain
conditions on polluter behavior required for its least cost attainment. The intent is to
generate a clear picture of the optimal scenario. In the section after that, the market with
the multi-attribute nonpoint abatement credits, referred to hereafter as the MANA market,
is described. Market rules are defined and necessary conditions for equilibrium discussed. We
examine the restrictions required for ensuring that the MANA market equilibrium is safetyfirst compliant at least cost. The next section focuses on the trading-ratio-based market,
which is conceptually identical to water quality trading markets in current use. This market
is referred to as the TR market in the ensuing discussion. The conditions required for the TR
market equilibrium to be safety-first compliant at least cost are derived. In the final section,
the MANA market and the TR market are compared, and the results put in a broader policy
context.

2

The Safety-First Environmental Target

The problem faced by the Environmental Agency (EA) is to design a market that will
achieve the safety-first environmental target at least cost. Following Shortle and Horan
(2008), the EA has three integrated tasks when pursuing this objective. The first is to define
the commodities that will be traded in the market. A key element of the definition is the
specification of the observable indicators of environmental performance (e.g. pounds of total
nitrogen annually discharged from a farm or sewage treatment facility in the Susquehanna
River Basin) to which rights pertain. The indicators must be observable so that trading is
enforceable, and under the control of the polluter if the polluter is to be held responsible
6

for non-compliance. The second task is to define specific rules for trading the commodities
between alternate sources. The defined commodities may not be homogenous across sources.
For example, discharges of nitrogen at one point in a watershed may have different water
quality impacts than discharges at another. The trading rules are designed such that after
their application, all commodities become homogeneous. In current markets trading rules are
generally implemented in the form of trading ratios that define the rates at which different
commodities can be exchanged between different sources. From the perspective of water
quality agencies, trading ratios are intended to assure that water quality outcomes resulting
from commodity trades are at least equal to those that would occur without the trade
(USEPA, 2007)1 . The third task is to cap the aggregate supply of the commodities such
that feasible market allocations of polluting emissions, given trading rules, do not violate
the environmental goal(s).
We design an emissions trading market such that within its framework the EA is able to
complete its three integrated tasks satisfactorily. The first task we consider is that of defining
the environmental target and capping aggregate credit supply such that the target is not
violated. Following the US EPA’s watershed based approach to controlling water quality (see
US Environmental Protection Agency, 2003), we situate the problem at the same geographic
scale. Consider a representative watershed. Completing the task successfully requires that
the EA design a policy that targets loadings such that all water bodies in the watershed
meet their designated use. This requires that ambient aggregate loadings in the watershed
be controlled. Let L be aggregate loadings and let L̄ be the watershed-level loadings target.
Following the safety-first literature (e.g., Lichtenberg and Zilberman, 1988; Qiu, Prato, and
McCamley, 2001) the environmental target is expressed probabilistically. The EA is required
to ensure that the probability that aggregate loadings exceed the target is less than α, i.e.
Pr(L ≥ L̄) ≤ α where α is the sanctioned probability with which the environmental target
may be violated. It may be interpreted as the socially acceptable probability of failure in
1

need citation
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meeting water quality policy goals. If α = 0.05 then the safety-first environmental target
implies that L̄ is exceeded in 5% of all possible scenarios. We assume that α is a fixed
coefficient set externally and not controlled by the EA.
Let the market consist of I nonpoint sources and J point sources, indexed by i and j respectively. Let ri be i’s runoff or loadings and let ej be j’s emission loadings into the watershed
in a given trading period. Let µi ∈ R+ be the mean value of nonpoint source i’s runoff ri
and let σi = {σi1 , · · · , σiI } ∈ RI be the vector of covariances between i’s pollution and the
loadings of all other nonpoint sources, where {σil ∈ R | σil ∈ σi , i 6= l} is the covariance between the loadings of nonpoint sources i and l, and σii ∈ R++ is the variance of i’s loadings.
σi characterizes the risk that i’s pollution poses vis-à-vis the attainment of the safety-first
target. Taken together µi and σi provide a second order approximation of the probability
distribution of i’s emissions. These moments are approximated through statistics calculated
from appropriate soil transport and hydrological models. Similar information is already used
to define credits in extant water quality trading programs, such the Pennsylvanian nutrient
trading program (e.g., Pennsylvania Department of Environmental Protection, 2007).
P
P
Summing over all i and j, true aggregate emissions loadings are L = i ri + j ej and hence
P
P
the EA is required to ensure that Pr( i ri + j ej ≥ L̄) ≤ α. If the joint distribution of
emissions is known, and if the distribution is such that a “deterministic equivalent” exists,
then the probability statement above can be expressed exactly in terms of means, variances,
covariances and other moments of the distribution of the emissions (Beavis and Walker, 1983;
Wets, 1983; Kampas and White, 2003). But given the nonmeasurability of nonpoint emissions and the prediction errors in current water quality models, knowledge of the emissions
distribution is not known with certainty and the conditions for a deterministic equivalent are
not satisfied. A common nonparametric approximation of probability statements when the
distribution of the random variable is unknown (or a deterministic equivalent does not exist)
is based on Chebychev’s inequality (Wets, 1983). By Chebychev’s inequality the statement
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p
¡
¢
Pr x ≥ E(x) + V (x)/α ≤ α is always true, where x is a random variable, E(x) and
V (x) are its mean and variance, and α ∈ [0, 1] is a probability.
P
P
P P
ej , which implies that E(x) = i µi + j ej and V (x) = i l σil .
pP P
¡P
¢
P
P
P
By Chebychev’s Inequality, Pr
i ri +
j ej ≥
i µi +
j ej +
i
l σil /α ≤ α.

Let x =

P

i ri

+

P

j

Comparing the inequality to the probabilistic statement of the safety-first environmental
P
P
target, Pr( i ri + j ej ≥ L̄) ≤ α, it is apparent that the safety-first target is satisfied when
X
i

µi +

X

rP P
ej +

j

i

l

α

σil

≤ L̄

(1)

P

P
µi is the mean loadings of all nonpoint sources and j ej is the measured loadings of
P P
all point sources in the watershed.
i
l σil is the aggregate variance of all loadings. For
P P
convenience we sometimes use the substitution V ≡ i l σil in the subsequent discussion.
i

The safety-first environmental target in (1) is similar to that in Beavis and Walker (1983),
except that we do not assume that pollution loads are independent. This assumption is
unsuitable in the context of nonpoint source pollution. Contiguous polluters in a watershed
have similar weather and topography, which imply that their loadings will be correlated. For
example, a sudden storm in a spike in runoff from all neighboring farms.
From (1), satisfying the safety-first target requires that J point sources control their measured
emissions and that I nonpoint sources control the mean and variance of their runoff, and
the covariance of their runoff with the runoff of other nonpoint sources. Reductions in µi ,
σil and ej weaken the constraint and are thus desirable actions from the EA’s point of view.
Indeed, µi , σil and ej may be interpreted as substitutes in the satisfaction of the safety-first
environmental target. When (1) binds then µi and ej are perfect substitutes. The marginal
√
√
rate of substitution between these variables and σil is 2 αV when l = i and αV otherwise.
√
√
V is the standard deviation of all loadings in the watershed. αV may be interpreted as
the socially acceptable standard deviation of aggregate loadings in the watershed since V
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is the variance of aggregate loadings and α defines society’s risk appetite. Alternatively, it
may be thought of as the socially acceptable level of aggregate environmental risk. Since
√
√
αV units of σil (or 2 αV units of σii ) are equivalent to one unit of µi or ej at the margin,
one may infer that control of the latter is suitable for rapid movement towards the safetyfirst outcome. Once in the vicinity of the safety-first outcome however, control of σi allows
minute calibration towards the precise satisfaction of (1).

2.1

The Least Cost Safety-First Solution

We define pollution control as a reduction in its expected value, a reduction in its variance
and a reduction in its impact on V through covariance effects. By the latter we imply that
a change in nonpoint source i’s pollution should result in a fall in the variance of aggregate
pollution. We assume that pollution control is costly. Hence decreasing µi , σii or |σil | reduces
i’s profits and decreasing ej reduces j’s profits. We also assume that the marginal cost of
pollution reduction is higher at lower absolute levels of the pollution variable. In other words,
if πi (µi , σi ) and πj (ej ) are the restricted profit functions2 for i and j respectively, then they
are increasing and concave in all µi , σii and ej , with (suppressing indices and arguments)
π 0 ≥ 0 and π 00 < 0. πi (µi , σi ) is increasing in the absolute value of σil and always concave,
i.e. |∂πi /∂σil | ≥ 0 and ∂ 2 πi /∂σil2 < 0.
P
The aggregate restricted profit function for all polluters in the watershed is i πi (µi , σi ) +
P
j πj (ej ). The optimal market outcome from the EA’s point of view requires that the safetyfirst environmental target (1) be met at least cost. To achieve this outcome polluters must
choose ej , µi and σi such that aggregate profits are maximized subject to (1) being satisfied.
2

Restricted profit functions define the maximum profit associated with any emissions level, given that
the input mix and output levels are chosen optimally. These functions are derived from a standard profit
function, where profits are a function of inputs, production technology and prices. We do not supply a formal
derivation, but refer interested readers to Graff Zivin and Small (2003) for a deeper discussion. Restricted
profit functions are useful because they allow modeling of profit as a function of the policy variables of
interest – in our model the policy variables pertain to pollution load.
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The necessary conditions for the EA’s optimum outcome, obtained through manipulation of
the Kuhn-Tucker conditions that characterize the aggregate profit-maximizing outcome, are
given in (2).
∂πj
∂πi √
=
= αV
∂ej
∂µi

µ

∂πi
∂πl
+
∂σil ∂σil

¶
= λ ∀ i, l ∈ I, j ∈ J

(2)

In (2), λ is the Lagrange multiplier and shadow price associated with the safety-first environmental constraint (1). Given the concavity of πi and πj in all arguments, if the optimum
vector {µ∗i , σi∗ , e∗j }i,j forms a convex set then (2) is also sufficient for the attainment of the
EA’s optimum market outcome when the outcome is an interior solution.
The first equality in (2) indicates that µi and ej are treated as perfect substitutes at
the least cost safety-first solution since the marginal rate of substitution between them is
M RSµi ,ej = 1. The second equality establishes the optimal marginal rate of technical substi√ ¡
¢
tution between µi and σil , which is M RT Sµi ,σil = αV 1 + M RSπσlil,πi ≥ 0. M RT Sµi ,σil ≥ 0
because λ ≥ 0 by the Kuhn-Tucker conditions. M RSπσlil,πi =

∂πl ∂πi
/
∂σil ∂σil

indicates the trade-off

between i’s profits and l’s profits at the optimal level of pollution correlation σil∗ . Hence,
√
the optimal M RT Sµi ,σil is set to the socially-acceptable level of aggregate risk αV after
adjusting for the marginal impact of pollution correlation on nonpoint source profits. When
M RT Sµi ,σil ≥ 1 then control of µi is more important since more than one unit of σil trades for
one unit of µi . This is because the distortion away from the optimum caused by a marginal
change in σil is smaller than that caused by a marginal change in µi . A sufficient condition
for M RT Sµi ,σil ≥ 1 is that ∂πi /∂σil and ∂πl /∂σil share the same sign. Analogously, when
M RT Sµi ,σil ≤ 1 then controlling σil is more important. This occurs only when ∂πi /∂σil and
√
∂πl /∂σil have opposing signs and αV is small. Typically, M RT Sµi ,σil ≥ 1 and control of
µi will be paramount.
We have three more observations to make regarding the least cost safety-first outcome. First,
a corollary of the M RT Sµi ,σil result is that the EA’s optimum can only be achieved when
nonpoint sources coordinate their pollution control strategies. Second, in the special case
11

√
where l = i, M RSπσiii,πi = 1, which implies that M RT Sµi ,σii = 2 αV . Finally, note that µi
and σii are the only two independent control variables available to i. To summarize, the
safety-first environmental target (1) is achieved at least cost only when marginal profits with
respect to µi and ej and the risk-adjusted marginal profits with respect to σil are equated
across all polluters. This is a standard marginality result, but achieving the outcome might
be problematic given the need for coordination across polluters. In the next section we
explore a market design that makes the need for explicit coordination redundant.

3

The MANA Market

We now tackle the other two tasks that must be completed successfully if the EA is to engineer
its optimum. These tasks pertain to the definition of the traded commodity or credit and to
the definition of trading rules. Since the EA’s optimum requires explicit control of measured
point source emissions and the modeled mean, variance and covariances of nonpoint source
emissions, we define the traded commodities in terms of these variables. Let an allowance be a
right to pollute. It defines the maximum emissions that an individual polluter may discharge
into the watershed. It is allocated by the EA and known to the polluter at the start of the
trading period. Let r̂i and êj be the allowances given to i and j. We assume, further, that
the vector of allowances {ê1 , · · · , êj , · · · , êJ , r̂1 , · · · , r̂i , · · · , r̂I } account for distance effects.
Distance-related trading ratios or “delivery” ratios, which control for spatial impacts on
ambient loadings, are not explicitly modeled. Implicit in our treatment of spatial effects
is that they are known and non-stochastic. The allowances are allocated such that they
P
P
sum up to the watershed level pollution target, i.e.
j êj +
i r̂i = L̄. The allowances are
parameters outside the control of the polluters.
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3.1

Credits, Market Rules and Behavior

The difference between nonpoint source i’s allowance and runoff is ai = r̂i − ri , which is
unknown because of the stochasticity and non-measurability of ri . The expected value of
ai is Ei = r̂i − µi , the variance is cii = σii and the covariance between ai and al for any
i, l ∈ I is cil = σil . Let the vector of all variances and covariances associated with ai
be ci (σi ) = {ci1 (σi1 ), · · · , ciI (σiI )}. Enforceability dictates that the definition of nonpoint
source credits must depend on known and observable variables. Hence it cannot be based
on the unknown ai . Instead, we define i’s credits as the multi-attribute good ãi , where the
attributes are the mean, variance and covariances of ai . This definition, ãi (Ei (µi ), ci (σi )),
contains all the information needed to make a second order approximation of the probability
distribution of ai . Through this definition, information on the risk attributes of i’s runoff is
transmitted to the market. This is an important design consideration since controlling risk
attributes is critical to the least cost attainment of the safety-first environmental target (1).
The difference between point source j’s allowance and emissions is aj = êj − ej , which is
known because ej is accurately measurable. Hence j’s credit supply is simply defined as aj .
The credit supply of all polluters is negative when emissions exceed allowance and is positive
otherwise. A polluter is in compliance when its credit supply, after adjustment for trade, is
weakly positive. We develop this point in Section 3.3.
Let ri0 and e0j be nonpoint source i’s and point source j’s profit-maximizing emissions prior
to market entry. We assume that ri0 ≤ r̂i and e0j > êj . Nonpoint source i faces a lenient
allowance that does not prevent it from polluting up to its profit maximizing level under
autarky. Point source j’s allowance binds, which prevents it from polluting up to its profit
maximizing level under autarky. The implication is that nonpoint sources have no incentive
to buy credits from other polluters, but point sources do, if buying credits is less costly than
restricting production.

13

These modeled relationships between allowances and profit-maximizing emissions reflect allocation rules in extant water quality trading markets. Although major contributors to water
quality impairment, before the advent of markets nonpoint sources were outside the purview
of the pollution control policy regime (US Environmental Protection Agency, 2002). Since
their inception, water quality trading markets were treated as viable instruments to control
nonpoint pollution without direct regulation. The aim was to use water quality trading as a
carrot approach to nonpoint pollution control, whereby point sources give financial incentives
to nonpoint sources to voluntarily reduce loadings.
The typical water quality trading scheme works as follows: allowances are allocated such
that point sources are legally required to reduce their loadings. Given the cost of doing so,
point sources are incentivized to contract nonpoint sources to reduce loadings. The nonpoint
sources are incentivized to accept the contract when earnings from credit sales exceed the
cost of reducing loadings. They have no incentive to buy credits because they are not legally
required to control loadings. At all times point sources are allowed to trade abatements with
each other. We allow all these transactions in the MANA market.
Since nonpoint source pollution is unobservable, in practice, point source j predicates its
contract with nonpoint source i upon one or more observable pollution reducing technologies
or inputs. For example, the contract may be based on i implementing a riparian buffer and
a nutrient management plan. Each argument in i’s credit supply ãi (Ei (µi ), ci (σi )) is then
determined by the modeled reduction of runoff as a consequence of the buffer and the nutrient
plan. Assuming the existence of a large set of abatement technologies and the feasibility of
marginally adjusting the abatement-generating capability of each technology by varying the
input mix the {Ei , ci } space may be considered continuous.
Consider some i that implements a set of abatement technologies and generates ãi (Ei , ci )
credits. A point source j may buy a γij ∈ [0, 1] share of ãi (Ei , ci ) where γij = 0 implies that
j does not trade with i and γij = 1 implies that j has bought i’s entire credit supply. Buying
14

a proportion of i’s credit supply is equivalent to investing a γij share in i’s set of abatement
technologies. Point source j can minimize the cost of complying with its allowance constraint
by optimally adjusting its portfolio of shares in the abatement technologies implemented by
other polluters. We assume that the market is competitive, which implies that each i ∈ I
P
sells its entire credit supply, i.e.
j γij = 1 ∀ i. Point sources buy and sell shares in their
own abatement technologies to other point sources. Let γjk ∈ [0, 1] be the proportion of
P
j’s generated credits sold to k ∈ J.
k6=j γjk is the total proportion of credits sold by j to
other point sources and γjj is the proportion of j’s credits that remain unsold. The mutual
P
P
exclusivity of these events dictates that k γjk = k6=j γjk + γjj ≡ 1.
Given the continuity of the {Ei , ci } space and of the ej space, it is not necessary to model
credit sales as investments in credit-producing projects. Alternatively, each transaction may
be modeled as predicated upon a separate project. In other words, instead of assuming that
j and k have bought 50% shares in i’s project supplying 10 credits, we could have assumed
that they invested in separate projects initiated by i, each supplying five credits. We made
a conscious decision to conceptualize credit sales as investments to simulate the process
through which credits are allocated in the real world, where credit purchases are analogous
to offsets: the EA associates a number of credits with a project, which allows the point
source to increase its emissions by the credit amount. Fractional investment in projects is
allowed to facilitate pooling of risks.

3.2

The Nonpoint Source Problem

Prior to market entry i produced emissions at its unconstrained profit maximizing level.
Let its unconstrained profits be πi0 . After entering the market i produces ãi (Ei (µi ), ci (σi ))
credits and its restricted profit function is πi (µi , σi ). The cost of credit generation is the
difference between unconstrained and restricted profits, i.e. πi0 − πi (µi , σi ). Upon selling
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ãi (Ei (µi ), ci (σi )) i earns qi (Ei , ci ) in revenue. Hence its profits from production and trade
of credits is Πi = qi (Ei (µi ), ci (σi )) − [πi0 − πi (µi , σi )]. Assuming that i is a profit maximizer,
it faces an unconstrained optimization problem since its allowance is never binding with
ri0 ≤ r̂i . Through the implementation of credit generation technologies it controls µi and σi .
The necessary conditions for i to maximize profits are
∂qi
∂πi
=−
∂µi
∂µi
∂πi
∂qi
=−
∂σil
∂σil

(3)
∀l∈I

(4)

As (3) and (4) indicate, i maximizes profits by equating marginal production profits with
marginal revenue from credit sales. Since ∂πi /∂µi ≥ 0 and ∂πi /∂σii ≥ 0, it follows that
sales revenue qi is decreasing in µi and σii at the profit maximum. And since Ei = r̂i − µi
and cii = σii , qi is increasing in Ei and decreasing in cii . This makes intuitive sense because
one expects point source j to prefer credits with high mean and low variance. Such credits
reduce the likelihood of j exceeding its allowance. The optimal relationship between qi and
cil when l 6= i depends on the sign of ∂πi /∂σil . Revenue qi decreases in cil when the sign is
positive and vice versa.

3.3

The Point Source Problem

As defined in Section 3, j faces an emissions allowance êj . Under autarky it meets its
allowance by choosing emissions level ej such that ej ≤ eˆj . Or, in terms of generated credits,
aj = êj − ej , it meets its allowance when aj ≥ 0. Since the allowance êj constrains profitmaximizing behavior j will augment its allowance by buying credits from other polluters in
the market. Or, in other words, by creating a portfolio of shares in the credit-generating
projects of other polluters.
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Point source j’s purchase of shares from other point sources is

P
k6=j

γkj ak where k in-

dexes the other point sources. Point source j’s purchase of shares from nonpoint sources is
P
P
i γij ãi (Ei (µi ), ci (σi )). The credits sold by j to other point sources is
k6=j γjk aj and
the unsold credits are γjj aj . Summing over these trades and using the tautology that
P
P
P
P
k γjk =
k6=j γjk + γjj ≡ 1, j’s total credit stock is
k γkj ak +
i γij ãi . The true difference between j’s allowance (augmented by credit purchases) and emission loadings is
P
P
P
P
i γij µi and the variance of the
k γkj ak +
i γij ai . The mean difference is
k γkj ak +
P P
difference is i l γij γlj σil .
Even though j’s emissions are deterministic we define market rules with respect to its trades
probabilistically. This is because meeting the safety-first environmental target at least cost
[see (2)] requires probabilistic control of stochastic emissions and defining j’s responsibilities
probabilistically is a convenient way to do so. This specification – of probabilistic regulation
of individual polluters – is inconsistent with current US water quality trading regulations,
which are deterministic. However, it makes intuitive sense when developing a policy that
allows offsets from stochastic sources and watershed level environmental targets are defined
probabilistically (as with the TMDL). Also, by offsetting its deterministic emissions through
purchase of stochastic nonpoint emissions, j’s pollution liabilities become probabilistic, indicating the need for probabilistic control.
Let the socially sanctioned probability with which j may exceed its allowance be β. It
is not necessary that β = α, the socially sanctioned probability with which the aggregate
environmental target may be violated. The EA (and by proxy society) may have different
preferences over aggregate and individual emissions. Intuitively this makes sense: there
is no reason for the EA to care as much about the likelihood of an individual polluter
violating its cap as it does about the aggregate cap being violated. An individual cap
violation is not necessarily in conflict with attainment of the safety-first environmental target.
Under-abatement by some polluters may be accompanied by equal over-abatement by other
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polluters. Fundamentally, the choice of β must be consistent with the EA’s goal of meeting
the safety-first environmental target at least cost. As is shown subsequently, setting β = α
is generally not consistent with this goal.
When offsets from only deterministic sources are allowed j does not exceed its allowance when
P
Emissions - Offsets ≤ Allowance, or in terms of credit stock, k γkj ak ≥ 0. When offsets
from deterministic and stochastic sources are allowed, safety-first control of j’s emissions
and credit purchases requires that Pr(Emissions - Offsets ≤ Allowance) ≥ 1 − β, or in terms
¢
¡P
P
of credit stock, Pr
k γkj ak +
i γij ai ≥ 0 ≥ 1 − β. Applying Chebychev’s inequality, j’s
allowance constraint expressed as
X
k

γkj ak +

X

sP P
γij Ei −

i

i

γij γlj cil
≥0
β

l

(5)

P
γkj ak is the net abatements bought by j from other point sources, i γij Ei is the
P P
mean abatement bought from nonpoint sources and i l γij γlj cil is the total variance of

where

P

k

abatement purchased. Since aj = êj − ej , Ei = r̂i − µi and cil = σil , (5) may be rewritten
pP P
P
P
P
P
in terms of emissions as j γkj ek + i γij µi +
i
l γij γlj σil /β ≤
k γkj êk +
i γij r̂i ,
P
P
where k γkj êk + i γij r̂i is the proportion of the watershed level loadings target L̄ that
P P
j is responsible for. For convenience, we often use the substitution Vj ≡ i l γij γlj σil =
P P
i
l γij γlj cil in the ensuing discussion. Comparing j’s allowance constraint to the EA’s
safety-first environmental constraint (1) reveals that the constraints are identical except for
the γ weights in (5). These weights, which measure j’s preferences for the risks associated
with different credit-producing projects, distort marginal rates of substitution away from
what is required to satisfy (1). The impacts of these distortions on the market equilibrium
are shortly analyzed.
The marginal trade-offs between variables as revealed in (5) are as follows: Just as ej and
µi are perfect substitutes in the satisfaction of (1), γkj ak and γij Ei are perfect substitutes in
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the satisfaction of (5) where γkj ak is the quantity of credits bought by j from k and γij Ei is
j’s purchased share of the mean abatement offered by i. These quantities are controlled by
varying the corresponding γs. The marginal rates of substitution between these commodities
p
and γij γlj cil is − βVj where γij γlj cil is the covariance between j’s credit purchases from
nonpoint sources i and l. The negative marginal rate of substitution implies that γij γlj cil is
a bad and j prefers to reduce its holdings of cil .
The point source allowance constraint (5) implies enforcement contingent on ex ante actions.
A point source is not liable for actual emissions. It is compliant if it buys enough offsets
such that it satisfies (5). The point source is not culpable for adverse random events that
increase actual emissions beyond permitted levels. This is an attractive design feature for
two reasons. First, it is not fair to penalize the point source for events beyond its control.
Second, the non-measurability of ai makes proving culpability problematic.
Let us now look at j’s cost structure. Let unconstrained production profits be πj0 and the
restricted profit function be πj (aj (ej )). The cost of credit generation is πi0 − πj (aj ). Let p be
the unit price of a point source credit. It does not vary across transactions because the point
source credit is homogeneous and the market is competitive. The payment that j makes to
P
other point sources for credit purchase is p k6=j γkj ak . The payment received from credit sale
P
P
is p k6=j γjk aj . Using the tautology that k γjk ≡ 1, net payments to other point sources
£P
¤
P
are p
k γkj ak − aj . Finally j’s total payments to nonpoint sources is
i γij qi (Ei , ci ).
P
P
Summing, j’s profit function is Πj = p[aj − k γkj ak ]−[πi0 −πj (aj )]− i γij qi (Ei (µi ), ci (σi )).
Point source j optimizes by maximizing Πj while satisfying (5) through control of credit
generation, i.e. aj , and ownership of other polluters’ credits, i.e. {γkj , γij }i,k . The necessary
conditions for profit maximization are (6) and (7). The first necessary condition (6) indicates
that j maximizes profits by choosing its emissions level such that marginal profits are equated
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with the unit price of point source credits.
∂πj
=p
∂ej
Ã
qi∗ = p Ei (µi ) −

(6)
P

l γlj cil (σil )
p
βVj

!
∀i∈I

The second set of conditions (7) indicates i’s payment function when j optimizes.

(7)

P
l

γij cil

in (7) is the sum of all covariances associated with j’s purchases of i’s credits. It may be
interpreted as the risk associated with j’s investment in i’s abatement technologies. Hence
p
P
l γij cil / βVj may be interpreted as the risk associated with j’s investment in i’s abatement
relative to j’s aggregate risk exposure. The RHS of (7) can be decomposed into additively
p
P
P
separable functions of Ei and l γlj cil , i.e. qi∗ = pEi − p l γlj cil / βVj . Since p > 0, qi∗
increases in Ei , which means that j is willing to pay more for nonpoint projects with higher
expected levels of abatement. As comparison to (6) shows, Ei is treated equivalently to aj ,
with both being (implicitly) sold for p at the margin. Since the pricing term for j’s relative
p
P
risk exposure to i, i.e. −p l γlj cil / βVj , is negative, j penalizes i for stochasticity when
maximizing its profits. Comparative statics indicates that the penalty increases in cil , but
at a decreasing rate.
Note that (6) and (7) are necessary conditions only when j trades with both point and
nonpoint sources. If j only traded with other point sources then (6) is the only relevant
necessary condition. However, such behavior is sub-optimal when nonpoint source credit
generation is cheaper than point source credit generation, as is typically the case. If j traded
with only nonpoint sources then (6) and (7) are necessary for profit maximization under the
caveat that p exists. The existence of p is predicated upon the existence of trade among
point sources. Given that the market is competitive, such trade will typically exist. If such
trade did not exist then p may be set by reference to prices in other tradable permit markets.
Other possible scenarios, such as j not trading at all or only selling credits, are sub-optimal
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given that (5) is a binding constraint and point source abatement is expensive.
Consider some k ∈ J where k 6= j. The profit maximizing necessary conditions for k
¡
are also (6) and (7). It follows that if both k and j maximize profits then qi∗ = p Ei −
p
¢
¡
¢
√
P
P
l γlj cil / βVj = p Ei −
l γlk cil / βVk . But the previous statement is only true when
p √
P
P
Vj / Vk . Or, a necessary condition for an arbitrary pair of point
l γlj cil /
l γlk cil =
sources, j and k, to simultaneously maximize profits is that the ratio of their risk exposure
to any i ∈ I must equal the ratio of their aggregate risk exposure in the market. Now, j’s
√
p
aggregate risk exposure Vj is the standard deviation of all his credit purchases. Since V
√
p
is the standard deviation of all credits in the market, Vj = γj V for all j ∈ J, where
γj ∈ [0, 1]. If j buys all nonpoint source credits then γj = 1 and if it buys none then
γj = 0. Given the relationship between purchased risk and total risk, the ratio of j’s and k’s
aggregate risk exposures is γj /γk . It follows that a necessary condition for any pair of point
sources to simultaneously maximize profits is (8).
P
P
γij cil
γlj cil
γj
i
P
= Pl
=
γk
i γik cil
l γlk cil

∀ i, j, k, l ∈ I × J

(8)

The first equality in (8) indicates that the relative risk exposure of j and k to one nonpoint
source must equal to their relative risk exposure to another arbitrary nonpoint source. If j’s
relative risk exposure is twice as much as k’s with regard to i then its relative risk exposure
will also be twice as much with regard to l. The second equality indicates that the ratio in
which two point sources share risk with respect to an arbitrary nonpoint source’s abatement
is the same as the ratio between their aggregate risk positions.
Point source j must allocate risks across his portfolio of nonpoint source credits by choosing
{γ1j , · · · , γIj } such that his aggregate risk is γj of the total market risk. Attaining this desired
risk position is easily accomplished by taking up identical risk positions in all nonpoint source
credit generating projects, i.e. setting γij = γj for all i ∈ I. If every point source behaves
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thus, then (8) holds trivially as

P
i

γij cil /

P
i

γik cil simplifies to γj /γk for all i, j, k, l ∈ I × J.

Result 1. In a competitive market point sources jointly maximize profits when each point
source j controls its exposure to risk by buying the same share γj ∈ [0, 1] in all nonpoint
source credit-generating projects. This share is equal to j’s share of the aggregate risk in
the market. This behavior may be described as Equi-Proportional Risk Sharing across the
different nonpoint credits.

Under Equi-Proportional Risk Sharing j’s probabilistic allowance constraint (5) amends to
p
¡P
¢
P
V /β ≥ 0 through the substitution of γj for γij and γlj , but its
k γkj ak + γj
i Ei −
profit function remains unchanged. The necessary conditions for j’s profit maximization
transform to (6) and (9).
X
i

Ã
q̃i = p

X
i

s !
V
Ei −
β

(9)

q̃i is the payment that i must receive upon supplying ãi to the market if j is to maximize
P
profits under equi-proportional risk sharing.
i q̃i is the total payment from all j to all i.
P
Similar to qi∗ , the total payment i q̃i is additively separable into functions of Ei and cil for
all l ∈ I. By differentiating the RHS of (9) the optimal marginal payments to i associated
with Ei and cil are calculated. The marginal payment for Ei is p. Since p is also the marginal
payment for ej , Ei and ej are treated equivalently at the joint profit maximizing margin.
√
√
The marginal payment for cil is −p/ βV when l =
6 i. Hence, i is penalized p/ βV for
√
increasing cil ≥ 0 by one unit and rewarded p/ βV when increasing (in the absolute sense)
cil < 0 by one unit. When cil ≥ 0 (cil < 0) then there is positive (negative) co-movement in
i’s and l’s actual loadings, i.e. ri and rl . In other words, when cil ≥ 0 (cil < 0) an increase
in ri is accompanied by an increase (decrease) in rl . As a consequence, when cil ≥ 0 and
it increases, an increase in ri causes a greater than proportional increase in aggregate load.
This reduces the ex ante probability that j satisfies its loadings constraint. Since this is
undesirable, j penalizes such behavior. Conversely, when cil < 0 increases (in the absolute
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sense), then an increase in ri prompts a larger negative response in rl . ri and rl counteract
each other, which reduces j’s risk of constraint violation. Since this is desirable, j rewards
such behavior.
√
The marginal penalty for increasing cii is p/2 βV . Since an increase in cii increases the
probability of constraint violation, it too is penalized by point sources. However, note that
the penalty is only half that associated with an increase in cil ≥ 0. This is because ceteris
paribus changes in cii do not have positive feedback effects on the loadings of other polluters.
As a consequence, changes in cii do not cause greater than proportional changes in pollution
loads.
The reward / penalty for deviating from the optimal cil is decreasing in β. This is because
a higher β implies that j has social sanction to invest in riskier abatement projects, which
weakens j’s allowance constraint, reducing its demand for low risk projects. Consequently,
it will pay less for reductions in |cil |. The reward / penalty is also falling in V . When V
is high then cil ’s impact on j’s total risk and constraint violation is low. As a result j will
value it less and pay less for it.
The optimal relationship between q̃i , Ei and ci is not specified in (9). As long as (9) holds,
q̃i could be described by any function. Each nonpoint source could face a different payment
√
P
function. We propose a payment function of the form q̃i = p(Ei (µi ) − l cil (σil )/ βV )
P
P
where l cil = l σil ≡ Vi is the aggregate variance or risk associated with ri . The CauchySchwarz inequality shows that summing over q̃i yields (9) and hence maximizes j’s profits
P
given equi-proportional risk sharing.3 The inferences on the separability of i q̃i hold for q̃i .
The payment function q̃i imposes conditions on the characteristics of the credits ãi (Ei , ci ).
√
From the definition of q̃i it follows that i gets a positive payment if and only if Vi /Ei ≤ βV ,
pP
pP
P
2
The Cauchy-Schwarz inequality states that i xi yi ≤
x2
i yi with strict equality when xi =
√
√ i i
w · yi for all i and w is a scalar.
Setting
c , y = w · cil and w = 1, the Cauchy-Schwarz inequality
i =
pP P
pxP
P P
P il i
indicates that i l cil =
c
il
i
l
i
l cil .
3
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where Vi /Ei is i’s risk-to-mean ratio.

√

βV is the socially sanctioned aggregate risk that point

sources jointly bear. Hence, the payment function is constructed such that i only gets paid
if its risk-to-mean ratio is less than the aggregate socially sanctioned risk level. From (5),
when β is reduced or when V falls, j’s allowance constraint tightens. To satisfy this tightened
constraint, j must reduce the risk in its credit portfolio, which it does by purchasing credits
with low risk-to-mean ratios.

3.4

The Market Equilibrium

Given that nonpoint source i earns q̃i (µi , σi ) from the market, the necessary conditions for
i to maximize profits are obtained by differentiating q̃i and substituting the results into (3)
and (4). These conditions are shown in (10) and (11) below.
µ
¶
V
∂πi
∂πi p
=
βV
=p
∂µi
∂σil
V − Vi
¶
µ
∂πi
∂πi
Vi
=
1−
∂σii
∂σil
2 (V − Vi )
√

∀ i, l 6= i

(10)

∀ i, l 6= i

(11)

βV · V /(V − Vi ) in (10) is a risk adjustment factor applied to marginal profits associated

with σil when l 6= i. This factor is positive and increasing in Vi . Since this factor is constant
for all l 6= i it follows that ∂πi /∂σil = ∂πi /∂σim ∀ l, m 6= i. According to (10) i maximizes
profits by equating p to marginal profits with respect to µi and adjusted marginal profits
with respect to all σil when l 6= i. Given that ∂πi /∂µi ≥ 0, (10) indicates that it is optimal
for i to set ∂πi /∂σil ≥ 0. We know that V and β are always positive. Hence, if ∂πi /∂σil ≤ 0,
P
it must be that V < l σil , which is impossible from the definition of V . It follows that at
i’s optimum, ∂πi /∂σil ≥ 0 for all l 6= i. By prior assumption, we know that ∂πi /∂σil ≥ 0 if
and only if σil ≥ 0. Hence, a necessary condition for i to maximize profits is that its loadings
be positively correlated with the loadings of all other polluters.
Result 2. A necessary condition for nonpoint source i to maximize profits is that positive
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marginal profits with respect to all covariances are equal. This requires that correlation
between polluters must always be positive.

The optimal relationship between σii and σil , where l 6= i, is given in (11). From the
definition of variance, σii ≥ 0, and from (10), σil ≥ 0 for all l 6= i. It follows that Vi ≥ 0,
which implies that ∂πi /∂σil ≥ ∂πi /∂σii . Marginal returns with respect to σil are always
greater than marginal returns with respect to σii at i’s profit maximum. Given that i’s
profits are concave in σil and σil ≥ 0 for all l ∈ I, (11) indicates that σii is relatively
greater than σil , l 6= i. This difference increases as Vi increases. In other words, as the
risk associated with i’s loadings increases, i adjusts by focusing on reduction of σil . This is
because its profits are more sensitive to changes in σil than to changes in σii .
Result 3. The profit maximizing nonpoint source exerts stricter control over σil , l 6= i, than
over σii . This is because his profits are more sensitive to changes in the former variable.

The market equilibrium is reached when all participants in the market have exhausted gains
from trade and maximized their profits. This implies that the necessary conditions for profit
maximization must hold for all i and for all j. In other words, at the market equilibrium (6)
and (9) must hold for all j and (10) and (11) must hold for all i. Note that (9) is a necessary
condition for (10) and (11) to hold since the latter are derived from the former.
Result 4. The MANA market is in equilibrium when the profit-maximizing condition (6)
holds for all point sources and the profit-maximizing conditions (10) and (11) hold for all
nonpoint sources. The satisfaction of the latter conditions is predicated upon each nonpoint source i being paid according to the payment function q̃i (Ei (µi ), ci (σi )) upon supply of
ãi (Ei (µi ), ci (σi )) credits such that (9) holds.

In a competitive market, since each polluter is atomistic, V − Vi → V and Vi /(V − Vi ) → 0,
√
in which case (10) is rewritten as βV · ∂πi /∂σil → ∂πi /∂µi = p and (11) is rewritten as
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∂πi /∂σil → ∂πi /∂σii for all i, l ∈ I × I, i 6= l. Hence at the competitive market equilibrium
profit making nonpoint sources equate marginal profits with respect to all variances and
√
covariances. Also, ∂πi /∂σil → p/ βV , which implies that the optimum emissions variances
and covariances, i.e. σi∗ , are functions of total variance in the market, V . Since πi (µi , σi ) is
concave in σi , when V is high then i maximizes profits by setting σi∗ high and vice versa. The
intuition might be as follows: Consider an i that sets σil low when V is high. By reducing
√
σil marginally i earns p/ βV , which is small when V is high. The concavity of πi (µi , σi )
in σil implies that the marginal reduction in σil is costly when σil is low. An assessment of
costs and benefits would convince the nonpoint to keep σil high when V is high.

3.5

The Least Cost Safety-First Outcome and the MANA Market
Equilibrium

The pertinent issue for the EA is whether conditions can be imposed on the market such
that the safety-first target (1) is met at least cost at the market equilibrium. This requires
that the market equilibrium satisfy (2). In general, this condition will be unsatisfied because
polluters evaluate σi differently to the EA. The EA’s optimal marginal rates of technical
ME
substitution typically differs to that of nonpoint source i’s: M RT SµLCSF
/M RT SµMi ,σ
=
i ,σi
i
p
2(1 − Vi /V ) α/β. M RT SµLCSF
is the optimal M RT S at the least cost safety-first outcome,
i ,σi
ME
which is the EA’s optimum outcome. M RT SµMi ,σ
is the optimal M RT S at the MANA
i

market equilibrium, which is i’s optimum outcome. When this ratio is greater than one then
the EA values µi more than the polluters do. When this ratio equals one then the EA and
polluters have identical valuations of µi and σi and the market equilibrium is the least cost
safety-first outcome.
The EA can adjust α and β, which are society’s tolerances for aggregate and individual target
violation, to ensure that the market equilibrium will satisfy (2). Since marginal returns with
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respect to σil are equal for all combinations of i and l at the market equilibrium, comparison
of (2) and (10) indicates that a necessary condition for the market equilibrium to satisfy
p
(2) is β/α = 4(1 − Vi /V ). From this relationship, β = α if and only if Vi = V /2 for all
i. In other words, having identical tolerances for individual and aggregate pollution target
violation is optimal only when there are two nonpoint sources of pollution, each supplying
exactly half the aggregate pollution risk. When the market is competitive, the other hand,
Vi /V → 0 and β/α → 4. The sanctioned probability that individual point sources violate
their allowances should be four times greater than the sanctioned probability with which the
aggregate safety-first target may be violated. If the sanctioned probability at the aggregate
level is 5% then individual point sources should be sanctioned a 20% probability of violation.
It is trivial to ensure that the competitive equilibrium outcome in the MANA market is
safety-first compliant at least cost given the simple relationship between β and α.
Result 5. The equilibrium in the MANA market satisfies the least cost safety-first outcome
under a single condition: that the ratio between the sanctioned probabilities of individual and
p
aggregate violation be chosen such that β/α = 2(1−Vi /V ). When the market is competitive
and Vi /V → 1 then β/α = 4.

4

The Trading Ratio Market

Extant water quality trading markets do not use a multi-attribute definition of the nonpoint
source credit. Instead the credit is defined as the expected value Ei of the true reduction
in emissions below the allowance, ai . Since µi ≡ E(ri ) it follows that the credit is Ei (µi ) =
r̂i − µi . Unlike in the MANA market, i’s credit is a first order approximation of ai . This
approximation prevents transmission of information about the risk σi associated with i’s
runoff to the marketplace. Also, in extant water quality trading markets, point source
constraints are not based on safety-first environmental targets, which imply that σi will
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not affect trading decisions. However, σi is a factor in the satisfaction of the safety-first
environmental target (1) and it must be controlled if (1) is to be satisfied at least cost.
We analyze conditions under which extant water quality trading markets are safety-first
compliant at least cost in spite of not supplying price incentives for the control of σi for all
i.
Instead of using the market mechanism to control σi , an ad hoc adjustment called the ‘trading
ratio’ is used to control emissions risk in current water quality trading markets. The trading
ratio or TR is defined as the number of units of mean nonpoint source abatements required to
allow a unit increase in point source loadings (Shortle, 1990). It is calculated by the EA and
applied to all trades where nonpoint sources participate. Proponents of the TR argue that
when it is correctly designed it controls the stochasticity of nonpoint emissions. Through
its application point and nonpoint source credits are converted into perfect substitutes so
that in effect apples will trade for apples (Woodward, 2000). There is no consensus on the
design of the optimal TR. For example, Horan and Shortle (2005) find that the optimal TR
must reflect the marginal environmental impacts of the trading polluters, the riskiness of
their abatements and the transactions costs of the trade. In contrast Malik, Letson, and
Crutchfield (1993) find that the optimal TR must also reflect abatement and enforcement
costs.

4.1

The Trading Ratio Market Equilibrium

As in the MANA market, j earns revenues from credit sales, and faces credit generation
P
and credit purchase costs. Its profit function is Πj = p[aj − k γkj ak ] − [πi0 − πj (aj )] −
P
P
t
k γkj ak ] is net income from trade with other point sources,
i γij qi (Ei (µi )) where p[aj −
P
[πi0 − πj (aj )] is the cost of credit generation and i γij qit (Ei (µi )) is total payment by j to all
P
i ∈ I upon procurement of i γij Ei credits. Let tij be the TR applied to a trade between i
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and j. If tij = 2 then buying two units of abatement from i entitles j to increase its emissions
by one unit. Analogous to the design in Horan and Shortle (2001) the emissions allowance
P
P
for j is k γkj ak + i (γij /tij )Ei (µi ) ≥ 0. Point source j optimizes by maximizing Πj subject
to this allowance. The necessary conditions, obtained by manipulation of the Kuhn-Tucker
conditions, are (6) and (12).
qit = p

Ei (µi )
tij

∀i∈I

(12)

Point source j maximizes profits when i is paid qit for supplying γij Ei credits. As (12)
indicates, these payments decrease as tij increases. Also, since Ei = r̂i − µi it follows that qit
is inversely related to µi . Nonpoint sources with high mean emissions are paid less, which is
consistent with a policy geared towards reducing mean emissions.
Since (12) is a necessary profit maximizing condition for all j it follows that qit = pEi /tij =
pEi /tik for all j, k ∈ J, which in turn implies that tij = tik = ti for all j, k ∈ J. The TR must
be chosen such that it varies across nonpoint sources but not across individual trades. This
result differs from previous results in the literature where the TR is trade-specific, affected
as it is by point source and nonpoint source characteristics (Malik, Letson, and Crutchfield,
1993; Horan and Shortle, 2005). The differences stem from the fact that earlier models only
studied interaction between a single point source and a single nonpoint source, whereas we
model the entire market.
Let us now look at the nonpoint source profit maximization problem in the TR market.
Like in the MANA market i has one cost and one revenue stream. The cost is that of
generating credits and is πi0 − πi (µi ), where πi0 is the unconstrained maximized profit and µi
is mean emissions associated with Ei credits. The revenue qit (Ei ) comes from the sale of Ei .
When point sources are profit maximizers then qit = pEi /ti by (12). Hence i’s total profits
are Πi = pEi (µi )/ti − [πi0 − πi (µi )]. Like in the MANA market i does not face a binding
constraint. It optimizes by choosing µi such that profits are maximized. The necessary
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condition is
p
∂πi
=
∂µi
ti

(13)

Equation (13) indicates that i maximizes profits only if the EA chooses the TR, t̃i , such that
t̃i = p · ∂µi /∂πi . Since ∂πi /∂µi ≥ 0 it follows that t̃i ≥ 0. The concavity of πi (µi ) indicates
t̃i increases in µi . When µi increases then ∂πi /∂µi decreases (by concavity), which implies
that t̃i increases (by (13)).
Substituting t̃i into (12) yields the payment that maximizes i’s profits, q̃it = (r̂i − µi )∂πi /∂µi .
Note that q̃it → 0 as µi → r̂i and max(q̃it ) = r̂i ∂πi /∂µi when µi = 0. The concavity of πi
with respect to µi implies that q̃it is more that proportionately responsive to changes in µi
when µi is low and vice versa. This implies strong market preferences for credits with low
µi .
At the market equilibrium all polluters are profit maximizers, which implies that (6) and (13)
must hold simultaneously for all i and j. The necessary condition for market equilibrium in
the TR market is
∂πj
∂πi
= t̃i
∂ej
∂µi

∀ i, j ∈ I × J

(14)

At the TR market equilibrium, point and nonpoint sources have identical marginal costs of
credit generation after adjusting for the TR. The results are similar to the equi-marginality
results that characterize standard pollution trading models, except for the role played by the
TR.
To optimally choose the TR the EA must know the market equilibrium outcome, which
implies perfect information. If information were perfect however, the market is unnecessary
because the EA could directly allocate allowances such that (1) is satisfied at least cost. In
reality, since information is not perfect, the TR is suboptimal and so are market outcomes,
characterized by low market participation and low earnings (Breetz et al., 2004).
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4.2

The Least Cost Safety First Outcome and the TR Market
Equilibrium

The least cost safety-first outcome requires control of µi and σi for all i and ej for all j.
P
Since σil = σli by the definition of covariance, this outcome requires control of Ii=1 i + I + J
variables. However, in the TR market there are only I +J control variables since market rules
imply that control of σi is not required. The TR market will generally never achieve the least
cost safety-first outcome because the market supplies no signals to control environmental risk.
The only scenario where the TR market equilibrium does achieve the least cost safety-first
P
outcome is when control of the I µi s and J ej s also results in control of the i i σil s. Since
point source abatement activity is independent of nonpoint source abatement activity, this
P
requires Ii=1 i σil s in the EA’s problem to become deterministic functions of the I µi s.
In its most general form, this requires that σil = σil (µ1 , · · · , µi ) for all i, l ∈ I. Under
P
P
this scenario the safety-first environmental constraint amends from (1) to j ej + i µi +
pP P
i
l σil (µ1 , · · · , µi )/α ≤ L̄ and the necessary conditions for the least cost safety-first
solution transform from (2) to
∂πj
∂πi
=
∂ej
∂µi
P P
i

l

Ã

1
1+ √
2 αV

Ã
!!−1
X X ∂σil
i

l

∂µi

∀ i, l ∈ I, j ∈ J

(15)

∂σil /∂µi is the marginal change in variability of all pollution in response to a marginal

change in µi . It may be interpreted as the marginal risk (M Ri ) associated with µi at the
market equilibrium and can be positive or negative. A positive (negative) M Ri implies that
i’s contribution to aggregate variance V (also interpreted as total market risk) increases
(decreases) in µi . Hence (15) implies that when σil = σil (µi , · · · , µI ), then at the least cost
safety-first outcome risk-adjusted nonpoint source marginal profits are equated with point
source marginal profits. The TR market will satisfy the safety-first environmental target at
least cost when the necessary conditions for the TR market equilibrium (14) are identical to
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(15), which requires that
1
1
=1+ √
t̃i
2 αV

Ã
!
X X ∂σil
i

l

∂µi

∀ i, l ∈ I

(16)

Equation (16) indicates that t̃i < 1 when M Ri ≥ 0 and vice versa. The lower the TR
the more favorable the terms of trade for the nonpoint source and, by (12), the higher
the earnings from credit sale. Hence, by (16), optimality of the TR market requires that
more favorable terms of trade be given to abatement projects where total market risk V is
positively correlated to µi . To see why this is so, we study the behavioral effects induced
by adjusting t̃i . When t̃i is reduced i compensates by increasing ∂πi /∂µi [see (13)]. Since
πi (µi ) is concave in µi , this requires a reduction in µi . When V trends in the same direction
as µi , a reduction in µi causes a reduction in V . From (1) µi and V are substitutes in the
attainment of the EA’s safety-first environmental target and reduction in both are sought.
Simultaneous reductions in both are attained when M Ri > 0 and µi is reduced. Since this
is aligned with the EA’s preferences, it favors such projects by giving them advantageous
terms of trade.
Conversely, the EA gives disadvantageous terms of trade to i t̃i > 1 when M Ri < 0 and µi and
V move in opposite directions. This is because such projects cannot satisfy the requirement
that both mean emissions and the risk associated with emissions reduce simultaneously.
When M Ri < 0 a reduction in µi is accompanied by an increase in V and vice versa.
The TR market always fails when M Ri = 0 and µi and V are independent because then
pollution risk is not controlled. When M Ri ≈ 0 then t̃i ≈ 1 for all i, the marginal costs of
(expected) abatement are equated across all polluters and the TR market is a poor instrument for the control of V . The EA cannot ensure attainment of the safety-first environmental
target at least cost through the TR market. However, whatever the aggregate pollution level
may be, it will be achieved at least cost.
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Result 6. Equilibrium in the trading ratio market satisfies the safety-first environmental
target at least cost under three conditions. First, the EA must have perfect information
because it must have knowledge of the market equilibrium to optimally allocate trading ratios.
Second, the covariances of all nonpoint emissions must be deterministic functions of the
mean: σil = σi (µ1 , · · · , µI ) ∀ i ∈ I. Finally, t̃i , σil and µi must satisfy (16).

In most existing markets the TR is uniform and t̃i = 2 ∀ i, (Breetz et al., 2004; Morgan
and Wolverton, 2005). This is optimal only if µi and V move in opposite directions and
√
P P
− i l ∂σil /∂µi = αV for all i [see (16)]. Also, when V is large then it is extremely
responsive to changes in µi . Determination of whether such responsiveness is feasible, indeed
possible, is beyond the scope of this paper, but it does seem unlikely. Instead, if a high
response of V to µi is infeasible, (16) indicates that t̃i will be closer to one than two. When
V and µi move in the same direction, optimal trading ratios will also be close to one. When
√
P P
t̃i = 2/3, (16) indicates that i l ∂σil /∂µi = αV . V must be extremely responsive to
the mean for a TR of 2 / 3 to be optimal. If such responsiveness is infeasible then t̃i will be
closer to one.
In a scenario where allowances are externally chosen, if the TR market equilibrium is to
satisfy the safety-first market outcome at least cost, then t̃i is close to one for all i. The
uniform TR of two, which is commonly used in existing markets, is sub-optimal. These
results imply that trading ratios are very sensitive instruments for achieving safety-first
environmental targets and must be calibrated very precisely. But such precision is unlikely
in a stochastic environment where the true relationship between µi and σil is unknown. In
the real world the assumed relationship is merely a working hypothesis. We infer is that the
TR is a poor instrument for attaining the safety-first environmental target at least cost.
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5

Discussion and Conclusions

As stated in Result 6, there are three necessary conditions for the equilibrium in the TR
market to satisfy the safety-first target at least cost. It is unlikely that any of these conditions
are satisfied in a real world trading environment. The EA does not have information on
the private costs of polluters and at the current state of the science the true probability
distribution of nonpoint runoff is unknown. Imposing a deterministic relationship between
µi and σil requires that a parametric distribution be fitted to the data. The validity is
such an imposition cannot be ascertained. A wide variety of distributions can typically be
fitted to a data set, each specifying different marginal relationships between µi and σil . The
choice between these distributions is arbitrary, which implies that the assumed relationship
between µi and σil is arbitrarily assigned, which in turn implies that the choice of TR is
arbitrary. Precise calibration of the TR is impossible in the real world. But as discussed
in Section 4.2 TRs are extremely sensitive market instrument and the market fails if they
are not correctly calibrated. In the real world the TR market will not achieve the least cost
safety-first outcome.
The MANA market does not require a deterministic relationship between Ei and ci and does
not require sensitive calibration. Instead it relies on two rules and the market mechanism
to generate the least cost safety-first outcome. The first rule defines the tradable nonpoint
source credit as a second order approximation of the underlying stochastic emissions load.
The second is that the sanctioned probability with which a point source may violate its
allowance should be approximately four times greater than the sanctioned probability with
which the safety-first environmental target may be violated. When these rules are satisfied
then the market equilibrium always satisfies the safety-first target at least cost.
The degree of EA intervention is much lower in the MANA market. The EA’s role is purely
informational: it is required to provide information on µi and σil for all i ∈ I. In the TR
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market, by contrast, apart from providing information on µi the regulator is also required
to calculate the optimal trading ratio t̃i for all i ∈ I. Although not modeled, transactions
costs will be higher in real world trading ratio markets.
The reader may observe similarities between the MANA market and the CAPM market in the
finance literature. Credits are similar to securities and both markets are designed to control
variance and risk. However, as always, the devil is in the details and here differences are
revealed. First, the markets exist for different reasons. There is no broad policy intent behind
the CAPM. The market exists a priori and the CAPM analysis focusses on mean-variance
efficiency as a solution concept. The MANA market on the other hand, like environmental
markets in general, is brought into existence by policy dictate and the solution concept
centers around the efficient attainment of the environmental target. Second, our model
is static while the CAPM is typically a multi-period model. Third, there are differences
in model development. We do not impose distributional assumptions on nonpoint source
credits and there is no space for interest rate differentials in the model. Also, analysis of the
constraint is the starting point in our model. Fourth, behavioral constraints are organic in
the CAPM, springing from preferences and budget constraints. In the MANA market, on
the other hand, constraints are generated through policy fiat. Overall, there are similarities
in results across the two models, arising from a congruence of interests related to risk control,
but model development and inferences differ.
Numerous extensions to the model are possible. An interesting possibility is to conduct a
series of economic experiments to test the robustness of the results to violations in underlying
assumptions. The assumption of competitiveness in the market can be removed. Real world
markets are oligopsonistic with few large point sources and many small nonpoint sources.
Another removable assumption pertains to the continuity of abatement production function.
In reality decisions have discrete consequences and are not made using the marginality analysis that underpins our results. The experiments will be relevant to policy design because
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they represent an intermediate step in the transfer of policy ideas from the academic to the
real world.
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