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1. Introduction

1. Introduction
1.1. Background
The Institute for Applied Geophysics and Geothermal Energy focuses among other topics
on geophysical and hydrodynamic reservoir engineering (e.g. for geothermal energy or
CO2 sequestration) by using numerical simulations. To this end, we use the in-house code
SHEMAT-Suite for the simulation of flow, species and heat transport, and geochemical
fluid rock reactions. In this project the ability of SHEMAT-Suite to simulate single
phase flow is extended to multiphase flow with a focus on the geological sequestration of
CO2 .
Multiphase flow models give rise to a considerably more complex physical behavior
and, thus, are significantly more difficult to solve. In our case, the weak nonlinearities
in density and viscosity are complemented by strong non-linearities at fluid interfaces.
Thus, the Picard iteration implemented in SHEMAT-Suite, which solves flow, as well
as heat and species transport in an iterative manner is no longer suited for the simulation
of multiphase flow. Hence, a fully coupled formulation for multiphase flow is solved with
Newton’s method.

1.2. Highlights
We implemented two-phase flow in Matlab for rapid prototyping, where we used automatic differentiation (AD) to calculate the required derivatives for the Jacobian in an
exact manner. The developed prototype has then been implemented into SHEMATSuite. We used the Box method, a finite element, finite volume method, for the space
discretization and the implicit Euler method for the time discretization. After linearization of the nonlinear algebraic system state-of-the-art iterative solvers and preconditioners are used (e.g. geometric multigrid methods). We simulated the injection of CO2 into
homogeneous and heterogeneous porous media. Advantages of exact derivatives through
AD over a finite difference (FD) approach have been demonstrated. Code verification
has been done by means of an analytical example, namely the Buckley-Leverett
problem. The superiority of multigrid methods over standard iterative solvers has been
shown by a comparative study.

1.3. Summary
Expanding the capabilities of SHEMAT-Suite to include multiphase flow, a series of
modifications have to be made. First of all, the system of partial differential equations for
the description of multiphase flow is different to the one describing only single-phase flow.
A new primary variable, the saturation, is introduced. For the solution of this system
a new numerical method, namely the Box method, is needed. Finally one ends up with
a nonlinear algebraic system for which Newton’s method is used in order to obtain a
solution. For single-phase flow a Picard iteration over all partial differential equations
was sufficient, since only weak nonlinearities were present. Now, with the strong nonlinearities in the relative permeability and capillary pressure function, a Newton approach
becomes necessary. Finally the standard choice of BiCGStab as iterative method and
incomplete LU as a preconditioner is no longer suitable for computations with a large
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number of nodes. Thus, we employed a multigrid method to run such computations
within a reasonable period of time.
Two potential geological reservoirs, namely the Malmö site managed by E.ON Sverige
Värmekraft and the structure Wegholm near Minden are investigated for their suitability
for CO2 sequestration.
For the numerical simulations of the Malmö site the commercial simulator ECLIPSE
300 (cf. Anonymous (2009)) and for the Minden site the research code TOUGHREACT
(cf. Xu & Pruess (1998, 2001)) has been used. Long-term simulations over a period of
10 000 years have been conducted for the Minden reservoir. Especially geochemical reactions, dominated in the long run by reactions of aluminium silicates, were the main focus
of this simulation (see our interim report Büsing et al. (2012a) and Naderi Beni et al.
(2012) for details). The aforementioned simulations have been done parallel to the development of SHEMAT-Suite for multiphase flow (see Büsing et al. (2012b) for the
prototype development in Matlab). A detailed summary can be found in the interim
report Büsing et al. (2012a) and the papers Naderi Beni et al. (2011, 2012).
Finally, the Malmö reservoir has been targeted for the identification of suitable operational modes for aquifer storage of CO2 . Here, injection of CO2 and a potential plugging
of the well due to salt precipitation were studied. Fresh water flooding prior to CO2
injection nearly removes the problem of salt precipitation or, in case this is not possible,
higher injection pressures can prevent pore space plugging.
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2. Development of SHEMAT for multiphase flow
The in-house code SHEMAT-Suite (Rath et al., 2006), which is the successor of the
modeling code SHEMAT, the Simulator for HEat and MAss Transfer, (Clauser, 2003),
is capable of modeling single-phase flow, heat and transport processes and is expanded
in this project for the simulation of multiphase flow. The forward module solves the
equation for flow, heat and transport in an iterative manner. For the implementation
of multiphase flow this Picard iteration is replaced by a Newton iteration scheme.
Different formulations of the system of partial differential equations for the solution of
multiphase flow are possible.

2.1. Formulation of the system of equations
Flow through porous media is modeled on the Darcy scale to be able to simulate field
scale processes. On the micro- or pore-scale every point in space is either occupied
by rock matrix or one of the fluids occurring in a multiphase flow system. For small
volumes (in the order of 10−3 m3 ) flow simulations for fluids moving through the pores
and connecting channels are feasible. For bigger volumes microscale simulations become
impossible with today’s and even future computing power.
To move from the microscale to larger scales an averaging procedure is performed. New
variables are introduced such as porosity and permeability. A representative elementary
volume (REV) is defined for which the new variable gives adequate information of the
porous medium.
microscale

averaging

REV

rock matrix

liquid phase

gas phase

Figure 2.1: Averaging process from pore to field scale.
For example, the porosity φ gives the fraction of a porous medium available for fluids,
i.e. not occupied by grains. It is the ratio of the pore volume Vp and the total volume Vt
V
φ = Vpt . For an REV Vt occupying only a grain the porosity would be 0, and for a pore
it would be 1.
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The saturation Sα is the fraction of the pore volume available for one phase α given
as

Vα
.
Vp
Here, Vα is the volume of the pores filled with phase α. In our case we have a non-wetting
gas phase n and a wetting, water phase w. By definition
X
Sα = Sw + Sn = 1.
(2.1)
Sα =

α

The absolute permeability K describes the ability of a porous medium to transmit
fluids. This property of the porous medium is linked to the hydraulic conductivity
ρg
Kf = K ,
µ

with density ρ, viscosity µ and g the gravitational number.
The flow of water v through a porous medium can then be described by Darcy’s law,
cf. Darcy (1856),
K
v = − (∇p − ρg) ,
µ
with pressure p.
In multiphase systems the available pore space is occupied by multiple fluids. Thus,
these fluids inhibit each other from flowing. The usual extension of Darcy’s law with
relative permeabilities krα , cf. Bear (1972), is then used to describe the flow v α of a
given phase
krα
vα = −
K (∇pα − ρα g) ,
µα
with phase pressures pα .

2.2. Relative permeability and capillary pressure
Capillarity on the pore scale origins from intermolecular forces resulting in cohesion and
adhesion. Cohesion is caused by interactions between molecules of the same type. As a
result surface tension of liquids at the interface to another fluid can be observed. The
cohesion pressure is the force induced by the surface tension with respect to an area
2κ
pcohesion =
,
(2.2)
rint
with κ being the surface tension and the radius of the interface rint .
Adhesion is the interaction between molecules of different type. As can be seen in
Figure 2.2 cohesion and adhesion cause capillarity. The interface between a wetting fluid
w and a non-wetting fluid n is shown. The contact angle θ defines the wettability of a
fluid
0◦ ≤ θ < 90◦
◦

wetting fluid,

◦

non-wetting fluid,

◦

no capillary forces.

90 ≤ θ < 180

θ = 90
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With contact angle θ, surface tension κ and r the radius of the capillary, the capillary
pressure on the microscale is
2 κ cosθ
pc =
.
(2.3)
r

n

w
θ

Figure 2.2: Microscopic capillarity.

On the macroscale different models for the relative permeabilities and the capillary
pressure exist. The two most widely used are the ones after Brooks & Corey (1964) and
2+3σ
σ

(2.4)

krw = Se



2+σ
σ

krn = (1 − Se )2 1 − Se



(2.5)

van Genuchten (1980)

2
Se 1 − (1 − Se1/m )m

2m
1
1
m
3
= (1 − Se )
1 − Se
.

krw =
krn

p

(2.6)
(2.7)

Here, Se is the effective saturation
Se =

Sw − Swr
.
1 − Swr − Snr

(2.8)

The Brooks-Corey parameter σ describes the heterogeneity in the distribution of pore
sizes. Small values of σ correspond to a relatively homogeneous material and large values
correspond to a heterogeneous one. The van Genuchten model relies on the parameter
m.
Capillary pressure after Brooks-Corey is chosen as
pc = pd Se−1/σ .

9
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1
Brooks−Corey, krw

0.9

Brooks−Corey, krn

relative permeability kr [−]

0.8

van Genuchten krw
van Genuchten krn

0.7
0.6
0.5
0.4
0.3
0.2
0.1
0
0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

water saturation Sw [−]

Figure 2.3: Relative permeability-saturation relations after Brooks & Corey (1964) and
van Genuchten (1980).
5

10

x 10

Brooks−Corey
van Genuchten

9

capillary pressure pc [Pa]

8
7
6
5
4
3
2
1
0
0

0.2

0.4

0.6

0.8

1

water saturation Sw [−]

Figure 2.4: Capillary pressure after Brooks & Corey (1964) and van Genuchten (1980).
The parameter pd is the entry or displacement pressure, which is the pressure needed by
the non-wetting fluid to displace the wetting fluid from the largest pore. Similarly the
van Genuchten model for capillary pressure is
pc =

1/n
1  −1/m
Se
−1
τ

with parameter τ , which can be understood as an inverse entry pressure. Usually parameters m and n are connected through m = 1 − n1 .
Relative permeabilities of the two models and capillary pressure are shown in figure
2.3 and 2.4. We derived the van Genuchten parameters from the Brooks-Corey
parameters after an approach by Lenhard et al. (1989). The most distinct difference
can be seen in the entry pressure behavior. While the van Genuchten model shows
a continuous progression (the porous medium immediately begins to desaturate), the
Brooks-Corey model exhibits a discontinuity (the entry pressure has to be overcome
for desaturation).
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2.3. Conservation of mass
For each phase α ∈ {n, w} and for an arbitrary control volume V conservation of mass
is given by
dmα
+ Ψα = qα .
(2.9)
dt
Here, mα is the mass of phase α in the control volume V at a certain time t, Ψα describes
the mass flow rate of phase α across the boundary ∂V at time t, and finally qα describes
sources and sinks. Mass of phase α can be written as
Z
mα =
φρα Sα dx
V

and the mass fluxes across the boundary ∂V with the Darcy velocities v α are
Z
Ψα =
ρα vα · n dx,
∂V

with n being the unit outer normal vector to ∂V. Equation (2.9) holds for arbitrary
control volumes V and thus we can derive the strong form of this system using the
divergence theorem. The system of coupled, non-linear partial differential equations for
wetting phase w and non-wetting phase n then reads
∂(ρw Sw )
+ div(ρw v w ) = qw
∂t
∂(ρn Sn )
φ
+ div(ρn v n ) = qn
∂t

φ

(2.10)

The primary variables are the phase pressures pα and the saturations Sα . Using equation (2.1) and the relation of the two phase pressures pα through the capillary pressure
function
pc (Sw ) = pn − pw
we can now close the system. Choosing the wetting phase pressure pw and the nonwetting saturation Sn as primary variables, allowing a physically natural prescription of
boundary conditions, we can finally state:
 k

∂(ρw (1 − Sn ))
rw
− div ρw
K(∇pw − ρw g) = qw
∂t
µw
 k

∂(ρn Sn )
rn
− div ρn
K(∇(pc + pw ) − ρn g) = qn .
φ
∂t
µn
φ

(2.11)

The system of equations (2.11) is solved in the domain Ω ⊂ Rd , with d being the dimension, and over the time interval (0, T ) and is complemented by initial
pw (x, 0) = p0 (x),

Sn (x, 0) = Sn0 (x) x ∈ Ω

(2.12)

11
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and boundary conditions. Let the boundary of domain Ω comprise of a Dirichlet and
Neumann part, Γ = ΓD ∪ ΓN , then boundary conditions can be written as
pw = gDw on ΓD ,

ρw v w · n = gN w on ΓN ,

Sn = gDn on ΓD ,

ρn v n · n = gN n on ΓN .

(2.13)

At the Dirichlet boundary pressure and saturation are prescribed as fixed values, whereas
at the Neumann boundary wetting and non-wetting fluxes normal to the boundary are
specified.
The multiphase system (2.11) features strong nonlinearities in the relative permeability
kr and capillary pressure function pc , in contrast to a single-phase system which possesses
only weak nonlinearities in phase densities ρα and viscosities µα . Thus, sophisticated
numerical methods are needed to address these new difficulties present in multiphase
systems.

2.4. Numerical Method using exact Jacobians
We use a finite element, finite volume, dual grid method after (Huber & Helmig, 2000;
Helmig, 1997), also called the Box method for the space discretization. Multiplying with
a weighting function W and integrating over the domain Ω, we use Green’s identity to
derive the weak formulation of system (2.11). Using the short notation uα = φρα (δαw +
(−1)δαw Sn ) and v α = −λα K(∇pw ) + δαn ∇pc − ρα g we arrive after integration at
Z
Z
Z
d
uα W dΩ +
div(ρα v α )W dΩ =
qα W dΩ α ∈ {w, n},
(2.14)
dt Ω
Ω
Ω
making use of the Kronecker delta δ and the notation of λα =

krα
µα

for phase mobilities.

Bi
νi
ek
Bj
νj

Figure 2.5: Finite element mesh and dual finite volume mesh using triangles (2D) and
cuboids (3D).
The domain Ω is covered by finite elements ek , k = 1, . . . , N , e.g., triangles or parallelograms in two dimensions and tetrahedra or parallelepipeds in three dimensions.
From this finite element mesh a dual finite volume mesh is constructed by connecting

12
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element barycenters and barycenters of the element faces. By means of this construction
every finite element node is associated with exactly one control volume Bi , i = 1, . . . , N .
For details see, e.g. Bastian (1999) and Figure 2.5 for meshes in two and three space
dimensions.
We use standard finite element ansatz functions Ni for the approximations of the
unknowns pw and Sn , being piecewise polynomial on the elements and continuous in Ω.
The Box method makes use of special weighting functions Wi , which vanish outside the
box Bi
(
1 if x ∈ Bi ,
Wi (x) =
(2.15)
0 if x ∈
/ Bi .
Inserting weighting functions (2.15) into equations (2.14) and applying Green’s identity
yields for a control volume Bi
Z
Z
Z
d
ρα v α · n dΓ =
qα dB,
i = 1, . . . , N.
(2.16)
uα dB +
dt Bi
Bi
∂Bi
We then approximate the unknowns with the finite element ansatz functions and integrate using the midpoint rule for the first integral. This corresponds to a mass lumping
approach (cf. Bastian (1999)) common to finite element methods. Finally, we discretize
in time with the implicit Euler method, which results in the fully discretized equations
n
un+1
α,i − uα,i

∆t

|Bi |−

XX
n+1
n+1 n+1 n+1
n+1
(ψα,j
−ψα,i
)ρα,ij λα,ij γij = rα,i
|Bi | ,

i = 1, . . . , N. (2.17)

e∈Ti j∈e

Here, ψα = pw +δαn pc −ραg, Ti is the set of elements
connected to node i and j ∈ e denotes
R
nodes j of element e. The integral γij = Kij ∂Bi ∩∂Bj ∩e ∇Nj · n dΓ is approximated by
the midpoint rule.
P
Note that forP
the finite element ansatz functions the partition of unity j∈e Nj = 1
holds and thus j∈e ∇Nj = 0. With this we can reformulate
X
j∈e

ψα,j ∇Nj =

X

ψα,j ∇Nj + ψα,i ∇Ni =

j∈e,j6=i

X

(ψα,j − ψα,i ) ∇Nj .

j∈e,j6=i

To stabilize the method the mobilities are fully upwinded
(
λα,j if ψα,j − ψα,i ≥ 0,
λα,ij =
λα,i if ψα,j − ψα,i < 0.
ρ

+ρ

(2.18)

Densities are arithmetically averaged, i.e., ρα,ij = α,i 2 α,j , and for the absolute perme
−1
ability we use the harmonic average Kij = 2 K1i + K1j
.
We have now discretized in time and space and end up with a system of nonlinear
equations
F (u) = 0,
(2.19)

13
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where u = (pw , S n )T ∈ R2N is the vector of unknowns and the vector-valued function
F = (F1 , F 2 )T : R2N → R2N represents our two discretized equations for the wetting and
non-wetting phase. The non-linear algebraic system (2.19) is linearized with Newton’s
method (see Algorithm 1). We then have to solve the linear system
∂F (uk )
∆uk = −F (uk ),
∂uk

(2.20)

in every Newton step, with ∆uk = uk+1 − uk in the kth Newton step. The Jacobian
(u)
J := ∂F∂u
has the form

J=





∂F 1
∂S n 

∂F 1
 ∂pw
∂F 2
∂pw

∂F 2
∂S n

(2.21)

.

In Figure 2.6 we show the sparsity pattern of the Jacobian J for a regular space discretization in three dimensions, where a rectangular domain is discretized by 5 × 5 × 5 cuboids
and thus J ∈ R250×250 . The Box method yields the typical 7-point stencil. Due to the
used upwind scheme the top right quadrant possesses only two diagonals, whereas the
bottom right quadrant exhibits the full stencil, since our example incorporates capillary
pressure.
0

0

50

50

100

100

150

150

200

200

250

0

50

100

150

200

250

250

0

20

Figure 2.6: Sparsity pattern of the Jacobian J (left) and compressed Jacobian (right).

The right sparsity pattern shows the compressed Jacobian after a coloring with the
heuristic of Curtis, Powell and Reid, cf. (Curtis et al., 1974). Although this heuristic
is not optimal, for optimal estimations cf. Goldfarb & Toint (1984), in our case near
optimal colorings of the Jacobian are obtained. For a connection between the estimation
of sparse Jacobian matrices and graph coloring problems cf. Coleman & Moré (1983).
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Algorithm 1 Newton’s method for the nonlinear function F
Input : Initial guess for pw and S n : pw0 and S n0
Output: Root of nonlinear function F
/* Iteration loop with maximum iteration number itermax
while res > ε and k < itermax do
Solve the system J∆uk = −F (uk )
Set uk+1 = uk + ∆uk
Compute new residual res = kF (uk+1 )k2
Set k to k + 1
return uk

*/

2.5. Two-dimensional test example
We test our prototype implementation with a two-dimensional example for the geological
sequestration of CO2 . Our domain of interest (see Figure 2.7) is situated at a depth of
1 000 m and has an extension in x-direction of 60 m and in z-direction of 30 m.
The domain Ω = Ω1 ∪ Ω2 consists of two parts: a reservoir rock Ω1 with a high
permeability of K = 10−13 m2 , high porosity of φ = 0.2 and a low entry pressure of
pd = 104 Pa, and a host rock, Ω2 , with a low permeability of K = 10−16 m2 , low porosity
of φ = 0.1 and high entry pressure pd = 106 Pa.
Γ2
Γ3

Ω1

Ω2

Γ1 30 [m]

Ω2
Γ4

Γ5
60 [m]

Γ6

Figure 2.7: Computational domain Ω with regions Ω1 and Ω2 and boundary Γ.
Fluid densities and viscosities are constant in this example: water density is set to
1 000 kg m−3 and viscosity to 10−3 Pa s, whereas gas density and viscosity are chosen as
those of CO2 at a pressure of 10.4 MPa and a temperature of 39.04 ◦ C. This yields a gas
density of 617.7 kg m−3 and viscosity of 5.31·10−5 Pa s. Residual saturation for water is
set to Swr = 0.2 and for gas to Snr = 0.05. The Brooks-Corey model with a pore size
distribution index of σ = 0.2 is chosen for relative permeability and capillary pressure.
Gravity is set to g = 9.81 m s−2 .
Dirichlet boundary conditions are chosen for the top, left and right boundary with hydrostatic pressure and constant saturation. The bottom boundary has no-flow boundary
conditions except for Γ5 , where an injection rate of 0.05 kg s−1 is prescribed. Initial gas
saturation is set to the residual one and water pressure is assumed hydrostatic within
the domain.
Space discretization has a grid size of h = 1.5 m in x- and z-direction. With this we

15
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have 41 × 21 = 861 nodes. Time discretization is ∆t=864 s for the first 10 time steps
and ∆t = 8640 s for the remaining time steps. We simulate a period of 10 days. The
stopping criterion for Newton’s method (see Algorithm 1) is set to ε = 10−6 . The linear
systems in every Newton step are solved with Matlab’s internal backslash operator
up to machine precision.

(a) Pressure pw at day 1

(b) Pressure pw at day 5

(c) Pressure pw at day 10

(d) Saturation Sn at day 1

(e) Saturation Sn at day 5

(f) Saturation Sn at day 10

Figure 2.8: Pressure and saturation distribution.
Figure 2.8 shows the distribution of pressure pw and saturation Sn at day one, five and
ten. The gas does not penetrate in the low-permeability region Ω2 . In addition pressure
is high in the beginning and decreases with advancing simulation. This can be explained
in view of the capillary pressure function pc = pn − pw (see Figure 2.4). With decreasing
water saturation capillary pressure and thus gas pressure increases while water pressure
decreases.
For our particular test example we investigated the number of Newton iterations
per time step for Jacobians obtained by automatic differentiation (AD), cf. Rall (1981);
Griewank (2000), versus a finite difference (FD) approach. We used the AD tool ADiMat (Kalkuhl et al., 2005; Vehreschild, 2009) for the calculation of exact Jacobians in
Matlab. As can be seen in figure 2.9 the number of Newton steps is higher for FD
than AD.
We determined the optimal step size for the first Newton step in the first time step
and used this step size throughout our simulation. The AD approach needs 4 up to 7
iterations per time step, while the FD simulation needs between 5 and 10 iterations. In
consequence AD is superior to FD not only because of up to five times faster computation
times for the Jacobian, but also because a lower number of Newton iterations is needed.
In conclusion our Matlab prototype showed the feasibility of our simulation approach
with the Box method as space discretization and the use of automatic differentiation for
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the calculation of the required Jacobians. First simulation results were very promising in
view of computation times and accuracy. Thus, we will advance with the implementation
of our prototype into the framework of SHEMAT-Suite.

Number of Newton iterations

10
9
8
7
6
5
4
3
FD (M)

2

AD (M)

1
0
20

40

60

80

100

Time step number

Figure 2.9: Number of Newton iterations per time step for AD and FD.

2.6. Properties of brine and CO2
In section 2.5 we simulated the injection of CO2 into a reservoir in a depth of 1 000 m.
For simplicity we assumed constant densities and viscosities for brine and CO2 . In this
section we consider the variations of these fluid properties with pressure and temperature.

2.6.1. Density
We use the equation of state of Span & Wagner (1996) for CO2 density. Due to performance reasons, we tabulate this complicated high precision formulation and interpolate
for the implementation into SHEMAT-Suite. Figure 2.10 shows the variation of CO2
with pressure and temperature. The discontinuity represents the transition from gaseous
CO2 to liquid or supercritical state. At temperatures above 40 ◦ C the critical temperature is exceeded and the transition becomes continuous. Typical injection depths for
CO2 are beneath 800 m, since below this depth hydrostatic water pressure exceeds the
critical pressure so that CO2 stays in its supercritical state with a high density.
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Figure 2.10: Density of CO2 dependent on pressure and temperature.
Brine density is calculated using a formulation after Batzle & Wang (1992) and Garcia
(2001). First of all pure water density dependent on pressure and temperature is calculated. This density is then modified due to the influence of salinity and dissolved CO2 .
Brine density increases with increasing salinity and also with increasing amount of dissolved CO2 . Figure 2.11 shows the density of pure water as well as the one of brine with
a salinity of 0.25 and additionally with an amount of dissolved CO2 of 0.02. Density
decreases with temperature and shows a significant increase by dissolved salt. Water and
brine are almost incompressible and, thus, the effect of pressure is weak. Nevertheless
we consider the effect of pressure on density.
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Figure 2.11: Density of brine dependent on pressure, temperature and salinity.
2.6.2. Viscosity
Figure 2.12 shows the dynamic viscosity after a relation by Fenghour et al. (1998). The
typical discontinuity around the critical point can also be observed for CO2 viscosity.
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Note the crossing of the temperature isotherms. This is due to the fact that viscosity
of a gas increases with temperature while the viscosity of a liquid and supercritical fluid
decrease with temperature.
CO2 viscosity
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Figure 2.12: Viscosity of CO2 : µn = µn (pn , T ), (Fenghour et al., 1998).
The viscosity of brine is also calculated with a relation of Batzle & Wang (1992).
Viscosity depends on temperature and salinity. The influence of pressure is small and
neglected in this equation. Figure 2.13 shows the dependence of viscosity on temperature
and salinity. Viscosity increases with salinity, while it decreases with temperature.
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Figure 2.13: Viscosity of brine: µw = µw (T, sal), (Batzle & Wang, 1992).
Table 2.1 shows the functional dependence of the different fluid properties as well as
the corresponding literature reference.
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Property

Functional dependence

Literature

Brine density ρw

ρw (pw , T, sal, XwCO2 )

Batzle & Wang (1992); Garcia (2001)

Brine viscosity µw

µw (T, sal)

Batzle & Wang (1992)

CO2 density ρn

ρn (pw , T )

Span & Wagner (1996)

CO2 viscosity µn

µn (pn , T )

Fenghour et al. (1998)
Vesovic et al. (1990)

Table 2.1: Properties of brine and CO2 as implemented in SHEMAT-Suite.
2.6.3. Solubility
For the dissolution of CO2 into water and of H2 O into gas, we choose a relation after
Spycher et al. (2003). Compared to the approach by Duan & Sun (2003) this formulation
has the advantage that it takes into account the dissolution of H2 O into gas. This effect
might be significant in the case of dry CO2 injection. Then H2 O might dissolve and
consequently the percentage of dissolved salt increases. This can lead to salting out
effects near the injection well and can ultimately result in a plugging of the well.
Figure 2.14 shows the amount of dissolved CO2 with pressure and different salinities
on the left and the influence of temperature on the right. The amount of dissolved
CO2 increases with pressure and decreases with temperature and salinity. Salinity has a
strong influence on the amount of dissolved CO2 and thus has to be taken into account
to accurately describe the storage potential of geological reservoirs.
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Figure 2.14: Solubility of CO2 in brine dependent on pressure, temperature and salinity.
Figure 2.15 shows the influence of pressure and salinity on the amount of dissolved
H2 O into gas on the left and the influence of temperature on the right. Note the different
scaling of the axis in permille as opposed to percent for the dissolved CO2 . As mentioned
before, although the absolute amount is small, the effect on the reservoir performance
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might be significant. The amount of dissolved H2 O decreases with salinity and increases
with temperature.
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Figure 2.15: Solubility of H2 O in CO2 dependent on pressure, temperature and salinity.
2 O and xCO2 the compressibility factor (Z) and the CO
For the calculation of xH
2
w
n
fugacity coefficient as shown in Figure 2.16 are needed (cf. Spycher et al. (2003)). Mutual
solubilities of water and CO2 can then be expressed by
2O
2
xH
= A(1 − xCO
n
w ),

(2.22)

2
2O
xCO
= B(1 − xH
)
w
n

(2.23)

with parameters A and B taking the form
KH2 O γH2 O
,
Φ H2 O p
ΦCO2 p
.
B=
55.508 γCO2 KCO2

(2.24)

A=

(2.25)

Here, γ are the activity coefficients for H2 O and CO2 , p is the total pressure and Φ are
the fugacity coefficients.
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Figure 2.16: Fugacity coefficient of CO2 .
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The values of K are determined by
KT,p =

0
KT,p
exp
ref



(p − pref )V
RT



(2.26)

,

with pref = 0.1 MPa, a polynomial in temperature expression for K 0 (cf. Spycher et al.
(2003)), average partial molar volume V and the universal gas constant R. Here, p is
pressure and T is temperature in Kelvin. Spycher & Pruess (cf. Spycher et al. (2005))
incorporate the effect of NaCl and CaCl by modifying equation (2.25) to
B=

ΦCO2 p
55.508 γx′ KCO2

(2.27)

and setting
2O
2
xH
= A(1 − xCO
− xsalt ).
n
w

(2.28)

2.7. Validation of implementation: The Buckley-Leverett problem
The instationary displacement of oil through water, known as the Buckley-Leverett
problem Buckley & Leverett (1942), is used for code validation. This example is very
suitable, since it has an analytical solution. Our domain (see Figure 2.17) has a length
of 300 m.
wetting front
Water

Oil

300 m
Figure 2.17: Buckley-Leverett problem.

We choose a discretization in space of h = 6 m and observe the solution after 750 days.
The initial oil saturation is 0.8 with a residual water saturation of 0.2. The outflow of
oil is set to 3 × 10−4 kg m−2 s−1 . Water and oil density are set equally to 1000 kg m−3
and also the dynamic viscosity is set equally to 10−3 Pa s. Absolute permeability takes
the value K = 10−7 m2 and porosity is φ = 0.2. For the relative permeability the
Brooks-Corey approach with pore size distribution index σ = 2 is chosen.
Since we neglect capillary pressure and gravity, omit sources and sinks, assume both
fluids to be incompressible and viscosities equal, the fully coupled formulation for twophase flow (2.11) takes the form
∂Sn
− div (λw K∇pw ) = 0
∂t
∂Sn
φ
− div (λn K∇pw ) = 0.
∂t

−φ

(2.29)
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System (2.29) simplifies to an elliptic pressure equation and a hyperbolic saturation
equation
(2.30)

− div(λt K∇pw ) = 0
∂Sw
φ
+ div (fw v t ) = 0,
∂t

(2.31)

with the fractional flow function fα = λλαt , the total mobility λt = λw + λn and the total
velocity vt = v w + v n . The total velocity v t is constant and thus equation (2.31) can be
rewritten as
dfw
∂Sw
+ vt
∇Sw = 0.
(2.32)
φ
∂t
dSw
Using the chain rule we note that the following holds:
dSw
∂Sw dx ∂Sw
=
+
= 0,
dt
∂x dt
∂t

(2.33)

and by comparison of coefficients we have
vt dfw
dx
=
.
dt
φ dSw

(2.34)

Integrating in time we obtain an expression for the position of the shock front
x(Sw ) =

vt t dfw
.
φ dSw

(2.35)

Using either the equal area rule (see Figure 2.18 left) or the convex hull approach (see
Figure 2.18 right and cf. LeVeque (2002)) the analytical solution can be found.
Equal area rule

Convex Hull
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water saturation Sw [−]

Figure 2.18: Analytical solution with equal area (left) or convex hull approach (right).
Figure 2.19 shows the numerical solution with an upwind scheme compared to the
analytical solution after 750 days. Both the shock front and the rarefaction wave are
adequately represented by the numerical method.
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Figure 2.19: Numerical and analytical solution after 750 days.

2.8. CO2 injection into a heterogeneous reservoir
In this test example we model the injection of CO2 into a heterogeneous formation. First
we construct a Gaussian porosity distribution as seen in Figure 2.20 on the left.

Figure 2.20: Histogram of Gaussian porosity and permeability distribution.
From this distribution porosity for our test example is sampled with a correlation
length of 300 m in x-direction and 50 m in y-direction. With this choice a layering of the
different strata (see Figure 2.21) is enforced. From our Gaussian porosity distribution
we sample permeability after a fractal pore model
K = 155 φ + 37315 φ2 + 630(10 φ)10

(2.36)
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from Pape et al. (1999). This model is valid for a Rotliegend sandstone typically found
in the northeastern German basin.

Figure 2.21: Porosity field sampled from Gaussian porosity distribution.
The permeability distribution as sampled from porosity through the fractal model
(2.36) can be seen in Figure 2.20 on the right. The final permeability field is shown in
Figure 2.22.

Figure 2.22: Permeability field sampled from a fractal model after Pape et al. (1999).
CO2 is then injected in the lower left boundary over a length of 10 m. Our domain
extends 600 m in x-direction and has a thickness of 100 m. The top boundary is situated
at a depth of 800 m. The far right boundary has Dirichlet boundary conditions with
a hydrostatic pressure distribution and zero gas saturation. All other boundaries have
no-flow conditions.
Water density is constant and set to 1 000 kg m−3 and viscosity to 10−3 Pa s, whereas
gas density and viscosity are set to 454.4 kg m−3 and 5.31·10−5 Pa s, respectively. We
again use the Brooks-Corey model for relative permeabilities with a pore size distribution index of σ = 2. The domain is discretized with 241 × 2 × 41 = 19762 nodes,
yielding grid sizes of ∆x = ∆z = 2.5 m. A maximum time step size of 5 000 s is used.
The saturation distribution after 1, 5, 10, 30 and 67 days of injection is shown in
Figure 2.23. The heterogeneous permeability distribution clearly influences the CO2
distribution.
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(a) Saturation Sn at day 1

(b) Saturation Sn at day 5

(c) Saturation Sn at day 10

(d) Saturation Sn at day 30

(e) Saturation Sn at day 67

Figure 2.23: Injection of CO2 into a heterogeneous formation.
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2.9. Iterative Solvers and Preconditioners
A key part of the simulation code is the solution of huge, but sparse linear systems.
The Matlab prototype presented in subsection 2.4 uses a direct solver for the solution
of these systems. For our implementation into SHEMAT-Suite we compare a direct
method, namely an LU decomposition from the MUMPS package (Amestoy et al., 2001,
2006), with different preconditioned iterative solvers.
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Figure 2.24: Performance of preconditioners and iterative solvers for a homogeneous and
a heterogeneous material.
To this end we consider an algebraic multigrid method (Trilinos/ML, cf. Gee et al.
(2006)) with ILU (ILU0 and Hypre/Euclid, cf. Falgout & Yang (2002)) preconditioned
BiCGStab (van der Vorst, 1992), GMRES (Saad & Schultz, 1986) and FGMRES (Saad,
1993). We also employ a geometric multigrid method from PETSc (Balay et al., 1997)
with two and three levels. The results are presented in Figure 2.24.
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The computational time is scaled to the direct LU method. As can be seen from a
comparison of the simulations for the homogeneous and the heterogeneous medium the
computational times increase when calculating the heterogeneous medium. This is to be
expected, since the difficulty of the problem increases. Furthermore, our tests show that
the geometric multigrid method outperforms the direct method in view of computational
time. For large problems multigrid can become a necessity, since a direct solver needs
too much memory and the iteration count increases for standard iterative methods like
BiCGStab.

2.10. Parallel performance of the multiphase implementation
We implemented the two-phase flow module into SHEMAT-Suite using the Portable
Extensible Toolkit for Scientific Computation (PETSc) (cf. Balay et al. (1997)). As seen
in Section 2.9 this allows for easy comparison of iterative solvers and preconditioners. In
addition, we gain an efficient management of parallelism.
In this section we summarize the results of a strong scaling test performed for an
example with 198 402 nodes. We start with the speedup when using p cores defined as
Sp = TTp1 , which is the quotient of the time needed to perform a serial simulation and
the time needed for a simulation on p cores (see Figure 2.25 left). Figure 2.25 on the
right side shows the computation time for up to 48 cores. Here, we compare the direct
LU method from the MUMPS package with a geometric multigrid 3-level method and
Hypre/Euclid preconditioned BiCGStab.
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Figure 2.25: Strong scaling test with 198 402 nodes.
Speedup on 48 cores ranges from T48 = 7.6 for the LU method, over T48 = 11.6 for
the geometric multigrid method, to T48 = 13.2 for BiCGStab. BiCGStab has the best
speedup, but as seen in Figure 2.25 on the right it also has the highest computational time
T1 for the serial computation. Computation times range from T1 = 50 h for BiCGStab on
1 core up to T48 = 2.4 h for the geometric multigrid method on 48 cores. Relatively low
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speedups are to be expected because solvers for large, sparse systems of linear equations
do not scale very well. Nevertheless time can be saved when computing in parallel.

3. Outcome
A paper called "Using exact Jacobians in an implicit Newton method for solving multiphase flow in porous media" has been accepted by the International Journal of Computational Science and Engineering, cf. Büsing et al. (2012b). A presentation with the
title "Using exact Jacobians in an implicit Newton method for two-phase flow in porous
media" has been presented on the 2nd International Conference on Computational Engineering (ICCE 2011) in Darmstadt, Germany in 2011. Another presentation called
"Comparison of exact and approximate Jacobians for two-phase flow in heterogeneous
porous media" has been presented at the 2nd International Conference on Non-Linearities
and Upscaling in Porous Media in Bergen, Norway in 2013.
Posters have been presented at the European Geosciences Union General Assembly
(EGU) 2012 and 2013, as well as the Aachen Conference on Computational Engineering
Science (AC.CES) 2011 and 2013 and at the Scientific Advisory Board (SAB) Meeting
of the E.ON Energy Research Center 2011. The posters are attached in Appendix B.
A Matlab prototype for the simulation of two-phase flow in porous media using
automatic differentiation with ADiMat has been developed. This prototype has been
successfully implemented into SHEMAT-Suite. The required Jacobians are obtained
here by automatic differentiation with Tapenade. CO2 injection into homogeneous and
heterogeneous media has been simulated. Exact and approximate Jacobians have been
compared and the performance of several iterative methods and preconditioners have
been evaluated.
Material properties, such as, density viscosity and solubility for CO2 and H2 O have
been incorporated into the two-phase flow module. The module works in parallel using
PETSc and time savings as presented in Section 2.10 were observed. The code has been
validated with the Buckley-Leverett problem as presented in Section 2.7

3.1. Unique features of the SHEMAT-Suite multiphase module
The newly developed multiphase module for the SHEMAT-Suite in-house code enables
the Institute for Applied Geophysics and Geothermal Energy to simulate multiphase flow
problems with a huge number of unknowns. Now, the simulation of realistic reservoirs
in the context of CO2 sequestration is possible.
This new module for SHEMAT-Suite uses state-of-the-art iterative methods for the
solution of the occuring large, sparse linear systems. To this end, we use a geometric
multigrid method specially suitable for the solution of systems with a huge number
of unknowns. In contrast to standard iterative methods (e.g. BiCGStab used in the
TOUGH2 Code Pruess et al. (1999)) this method scales linear in computation time with
an increasing number of unknowns. It is also more robust compared to algebraic multigrid
methods, which are very suitable for elliptic problems but still have difficulties when
solving hyperbolic problems occuring in CO2 sequestration problems.

3. Outcome
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The multiphase flow module is also compatible with the GSLIB (Deutsch & Journel
(1998)) algorithm, which allows the easy simulation of heterogeneous porous media. We
also incorporated special permeability-porosity relationships, which are based on a sophisticated fractal pore space model (c.f. Pape et al. (1999)) much more tailored for the
analyzed rock samples than, e.g., standard capillary tube models.
Finally, the multiphase flow module uses automatic differentiation (AD) to calculate
exact Jacobians needed for Newton’s method. Compared to the finite difference approach
(e.g. used in DuMux Flemisch et al. (2011) and MUFTE-UG Assteerawatt et al. (2005))
this reduces the number of Newton iterations and also minimizes the time needed for the
evaluation of the Jacobian.
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A. Discretisation with the Box method
As in all finite element methods we have a set of ansatz or shape functions on a reference
element, calculate our quantities of interest on this reference element and then transform
back.
We use a regular grid with bilinear ansatz functions on cuboids. Our reference element
is the unit cube with corners
x1 = (0, 0, 0),

x2 = (1, 0, 0),

x3 = (0, 1, 0),

x4 = (1, 1, 0),

x5 = (0, 0, 1),

x6 = (1, 0, 1),

x7 = (0, 1, 1),

x8 = (1, 1, 1).

We calculate the gradient of our ansatz functions on the reference element and transform
back with




∂Ni

∂Ni

∂Ni
∂z

∂Ni
∂ξ3

 ∂x 
 ∂ξ1 
 ∂Ni 
−1  ∂Ni 
=
J
 ∂y 
T  ∂ξ2  .





The transformation matrix can be calculated using the derivatives of the ansatz functions
on the reference element and the corner points (xi , yi , zi ) of the finite element in question:


8
P

Ni,ξ1 xi

i=1

8
P
J =
 Ni,ξ2 xi
i=1
8
P
Ni,ξ3 xi
i=1

8
P

i=1
8
P

i=1
8
P

Ni,ξ1 yi
Ni,ξ2 yi
Ni,ξ3 yi

i=1

8
P


Ni,ξ1 zi 
i=1

8

P
Ni,ξ2 zi 
,
i=1

8

P
Ni,ξ3 zi

with Ni,ξj =

∂Ni
.
∂ξj

i=1

The ansatz functions on the unit cube have the form:
N1 = (1 − ξ1 ) · (1 − ξ2 ) · (1 − ξ3 ),

N2 = ξ1 · (1 − ξ2 ) · (1 − ξ3 ),

N3 = (1 − ξ1 ) · ξ2 · (1 − ξ3 ),

N4 = ξ1 · ξ2 · (1 − ξ3 ),

N5 = (1 − ξ1 ) · (1 − ξ2 ) · ξ3 ,

N6 = ξ1 · (1 − ξ2 ) · ξ3 ,

N7 = (1 − ξ1 ) · ξ2 · ξ3 ,

N8 = ξ 1 · ξ 2 · ξ 3 .

When using the Box method we need to calculate the flux across the boundary of Bi to
Bj on element e, which yields integrals of the form
Z

∂Bi ∩∂Bj ∩e

∇x Nk · n∂Bi dΓ =

Z

∂Bi ∩∂Bj ∩e

JT−1 ∇ξ Nk · n∂Bi dΓ,

(A.1)

with n∂Bi being the outward unit normal with respect to box boundary ∂Bi . Thus we
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need to calculate the gradient of our shape functions:

T
∇ξ N1 = −(1 − ξ2 ) · (1 − ξ3 ), −(1 − ξ1 ) · (1 − ξ3 ), −(1 − ξ1 ) · (1 − ξ2 )

T
∇ξ N2 = (1 − ξ2 ) · (1 − ξ3 ), −ξ1 · (1 − ξ3 ), −ξ1 · (1 − ξ2 )

T
∇ξ N3 = −ξ2 · (1 − ξ3 ), (1 − ξ1 ) · (1 − ξ3 ), −(1 − ξ1 ) · ξ2

T
∇ξ N4 = ξ2 · (1 − ξ3 ), ξ1 · (1 − ξ3 ), −ξ1 · ξ2

T
∇ξ N5 = −(1 − ξ2 ) · ξ3 , −(1 − ξ1 ) · ξ3 , (1 − ξ1 ) · (1 − ξ2 )

T
∇ξ N6 = (1 − ξ2 ) · ξ3 , −ξ1 · ξ3 , ξ1 · (1 − ξ2 )

T
∇ξ N7 = −ξ2 · ξ3 , (1 − ξ1 ) · ξ3 , (1 − ξ1 ) · ξ2

T
∇ ξ N8 = ξ 2 · ξ 3 , ξ 1 · ξ 3 , ξ 1 · ξ 2 .

Finally we approximate integral A.1 with the midpoint rule, which yields
Z

dΓ JT−1 ∇ξ Nk · n IP ,

(A.2)

∂Bi ∩∂Bj ∩e

where (·)IP designates the value at the barycenter of box boundary segment ∂Bi ∩ ∂Bj
inside of element e. In three dimensions fluxes in six directions, namely left, right, front,
back, bottom, top, have to be calculated. The box boundary segment ∂Bi ∩ ∂Bj intersects
with four different finite elements for all of our six faces yielding 24 integration points.
Since opposing faces have the same integration points, we only have to consider the 12
integration points for face one, three and five.
face 1: IP1,1 = (0.5, 0.75, 0.75),

IP1,2 = (0.5, 0.25, 0.75),

IP1,3 = (0.5, 0.75, 0.25),

IP1,4 = (0.5, 0.25, 0.25),

face 3: IP3,1 = (0.75, 0.5, 0.75),

IP3,2 = (0.25, 0.5, 0.75),

IP3,3 = (0.75, 0.5, 0.25),

IP3,4 = (0.25, 0.5, 0.25),

face 5: IP5,1 = (0.75, 0.75, 0.5),

IP5,2 = (0.25, 0.75, 0.5),

IP5,3 = (0.75, 0.25, 0.5),

IP5,4 = (0.25, 0.25, 0.5).

Now we have all information at hand to calculate the flux from node i to node j.
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Motivation and Project Aims
The geological storage of CO2 in saline aquifers can, in a first approximation, be
modeled by an initial-boundary-value problem consisting of two nonlinear partial
differential equations describing the two immiscible phases, CO2 and brine,
supplemented by appropriate boundary and initial conditions. This project aims to
implement numerical methods to solve this system of equations into the in-house
code SHEMAT-suite and develop a work plan to characterize potential sites for CO2
storage.

Initial-boundary-value problem consisting of the two partial differential equations, supplemented by
boundary conditions and initial conditions for the wetting pressure and the non-wetting saturation.

Example for CO2 Injection

As a first test example the injection of CO2 into a 1000 m deep reservoir is modeled.
The propagation of the CO2 plume is dominated by advective transport in the
beginning. Buoyancy forces due to the density difference between CO2 and brine
lead to a migration upwards. A smearing of the saturation front is caused by capillary
diffusion (besides numerical diffusion introduced by the upwind method).

Figure 4: Pressure distribution after
one day of injection with 0.05 kg/s in a
depth of 1030 m.

Figure 5: Saturation distribution after
one day of injection with 0.05 kg/s in a
depth of 1030 m.

Relative Permeability and Capillary Pressure

Saturation [-]

The system of equations is strongly nonlinear mainly due to relative permeabilities
and capillary pressure. Standard approaches by Brooks-Corey and van Genuchten
are used to describe the reduction of permeability, induced by the appearance of a
second phase, and the capillary pressure. Laboratory measurements on Bentheim
sandstones were performed to fit the parameters for the capillary pressure-saturation
curve.

Figure 6: Saturation distribution after 20 days of injection with 0.05 kg/s in a depth of
1000m. Cap rock (red) permeability: 1e-16 m2. Reservoir rock (green): 1e-13 m2.
Figure 1: Relative permeability curves for
the wetting and non-wetting phase after
Brooks-Corey and van Genuchten.

Figure 2: Capillary pressure after
Brooks-Corey and van Genuchten.
Note different entry pressure behaviors.

Numerical Method
A finite element finite volume box method on a regular grid is used as space
discretization. Time discretization is performed by the fully implicit Euler method.
Advective contributions are accounted for by a simple upwind method of first order.
The resulting system of nonlinear algebraic equations is linearized with Newton's
method. Exact Jacobians are obtained by automatic differentiation. An iterative
method (BiCGStab) with ILU0 preconditioning solves the system of linear equations
in every Newton step. Parallelization of the method is achieved on shared memory
systems with OpenMP.

a)

b)

Parameter Estimation
Based on the forward model for two-phase flow a Bayesian approach will be used for
parameter estimation. The minimum of a functional modeling the quadratic difference
between the forward model g(p) with parameters p and the observed data d and the
difference between apriori parameter assumptions pa and the parameter p is sought
after. For the minimization of the nonlinear functional exact derivatives of the forward
model with respect to model parameters obtained by automatic differentiation will be
used.

Nonlinear functional modeling difference between forward model and data, as well as
apriori parameter assumptions and parameters. Covariance matrices describe
uncertainty in observed data and apriori parameter assumptions.
Injection well

CO2 plume

Cap rock

High permeability zone

Reservoir

Figure 7: Injection of CO2 into a reservoir with a cap rock with an increased
permeability zone.
Figure 3: a) Finite element with intersecting volume b) Sparsity pattern of the Jacobian.
Shown are non-zero entries (7-point stencil) of the four blocks of the Jacobian.
References:
Clauser, C. (ed.) (2003), “Numerical Simulation of Reactive Flow in Hot Aquifers, SHEMAT and processing SHEMAT”, Springer, Heidelberg-Berlin.
Rath, V., Wolf, A. and Bücker, M. (2006), Geophysical Journal International, 167, 453–466.
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Outlook
In the beginning of a CO2 injection scenario, transport is dominated by advective
forces. In this phase measurements on the evolution of the CO2 plume (e.g. by
seismics) supplemented by pressure data from boreholes can be used in connection
with the forward model for parameter estimation. Increased information on
permeability and porosity is obtained in this way.

Aquifer Storage of CO2:
Modeling of Multiphase
Flow in Porous Media
Motivation and Project Aims
The geological storage of CO2 in saline aquifers can be
modeled by an initial-boundary-value problem consisting of
two nonlinear partial differential equations describing the
two immiscible phases, CO2 and brine. This project aims to
implement numerical methods to solve this system of
equations into the in-house code SHEMAT-suite and
develop a work plan to characterize potential sites for CO2
storage.
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Initial-boundary-value problem consisting of the two partial differential equations, supplemented by boundary conditions
and initial conditions for the wetting pressure and the non-wetting saturation.
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Relative permeability curves for the wetting and nonwetting phase after Brooks-Corey and van Genuchten.

Capillary pressure after Brooks-Corey and van
Genuchten. Note different entry pressure behaviors.

The system of equations is strongly nonlinear mainly due to
relative permeabilities and capillary pressure. Standard
approaches by Brooks-Corey and van Genuchten are used
to describe the reduction of permeability, induced by the
appearance of a second phase, and the capillary pressure.
Laboratory measurements on Bentheim sandstones were
performed to fit the parameters for the capillary pressuresaturation curve.
0

Numerical Method
A finite element finite volume box method on a regular grid is used as space
discretization. Time discretization is performed by the fully implicit Euler method.
Advective contributions are accounted for by a simple upwind method of first order. The
resulting system of nonlinear algebraic equations is linearized with Newton's method.
Exact jacobians are obtained by automatic differentiation. An iterative method
(BiCGStab) with ILU0 preconditioning solves the system of linear equations in every
Newton step. Parallelization of the method is achieved on shared memory systems with
OpenMP.
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Sparsity pattern of the Jacobian. Shown are non-zero
entries (7-point stencil) of the four blocks of the Jacobian.

Example for CO2 Injection
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Pressure distribution after one day of injection with
0.05 kg/s in a depth of 1030 m.
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Saturation distribution after one day of injection with
0.05 kg/s in a depth of 1030 m.

As a first test example the injection of CO2 into a 1000 m
deep reservoir is modeled. The propagation of the CO2
plume is dominated by advective transport in the beginning.
Buoyancy forces due to the density difference between CO2
and brine lead to a migration upwards. A smearing of the
saturation front is caused by capillary diffusion (besides
numerical diffusion introduced by the upwind method).

Outlook
In the beginning of a CO2 injection scenario, transport is dominated by advective
forces. Later mutual dissolution of CO2 and brine begins to play a role. The
dissolution of CO2 into the brine phase leading to an increase of density and the
dissolution of water into the CO2 phase, possibly leading to salting out effects,
shall be incorporated into the equations and the numerical model. Potential CO2
storage sites can then be modeled on a long-term time scale.

Calculation performed by
anaderi@eonerc.rwth-aachen.de
with ECLIPSE

Plume extent after injection of 60 kt of CO2 over two years. Note
that for improved visibility the axes are scaled and exaggerated.
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b)

Figure 5: Ratio TJ/TF for computing ndd directional derivatives with the AD, FD, or complex
variable (CV) methods, using either Matlab (M) or Octave (O). Also shown are two theoretical
estimates c·ndd (P).

Figure 4: Relative error between JAD and JFD computed with varying step sizes h [ א10í12, 1].

We compute the relative error between JAD and JFD with varying step size h. In our
test example the optimal h for the first Newton step in the first time step is 10-13/3.
We compare the time for the computation of the Jacobian with automatic
differentiation (AD) and finite differences (FD). In our particular case the AD tool
used here, ADiMat, vectorizes the given scalar code. Thus, AD is favourable not
only in terms of precision but also in terms of speed.

Exact Jacobians with AD and FD

Figure 3: a) Finite element with intersecting volume b) Sparsity pattern of the Jacobian.
Shown are non-zero entries (7-point stencil) of the four blocks of the Jacobian.

a)

A finite element finite volume box method on a regular grid is used as space
discretization. Time discretization is performed by the fully implicit Euler method.
Advective contributions are accounted for by a simple upwind method of first order.
The resulting system of nonlinear algebraic equations is linearized with Newton's
method. Exact Jacobians are obtained by automatic differentiation. An iterative
method (BiCGStab) with ILU0 preconditioning solves the system of linear equations
in every Newton step. Parallelization of the method is achieved on shared memory
systems with OpenMP.

Numerical Method
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It turns out that AD performs favourable compared to FD both in terms of precision
and speed. Already in a simple test example the number of Newton iterations per
time step for AD is lower than in case of FD. For more complicated physical
behaviour this effect will increase. Hence, we advise to avoid the introduction of
additional numerical errors through finite differences and propose automatic
differentiation as an efficient alternative.

Conclusion

Figure 8: Saturation distribution after 20 days of injection with 0.05 kg/s in a depth of
1000 m. Cap rock (red) permeability: 1e-16 m2. Reservoir rock (green): 1e-13 m2.

Figure 7: Number of Newton iterations
per time step for AD and FD.

Figure 6: Computational domain ȍ with
regions 1 and 2 and boundary ī.

As a first test example the injection of CO2 into a 1000 m deep reservoir is
modeled. The propagation of the CO2 plume is dominated by advective transport
in the beginning. Buoyancy forces due to the density difference between CO2 and
brine lead to a migration upwards. A smearing of the saturation front is caused by
capillary diffusion (besides numerical diffusion introduced by the upwind method).
We compare the AD and FD approach and show that even in this simple example
AD is favorable in terms of speed and precision.

Example for CO2 Injection

Institute for Applied Geophysics and Geothermal Energy, E.ON Energy Research Center; RWTH Aachen University, Germany

The geological storage of CO2 in saline aquifers can, in the beginning of an injection
scenario, be modeled by an initial-boundary-value problem consisting of two nonlinear
partial differential equations describing the two immiscible phases, CO2 and brine,
supplemented by appropriate boundary and initial conditions. After space and time
discretization the resulting nonlinear algebraic system is solved with Newton’s
method. The required Jacobians can be obtained elegantly by automatic
differentiation (AD). We illustrate the advantages of exact Jacobians in a test example
for two-phase flow in porous media investigating the evolution of pressure and
saturation in a CO2 sequestration scenario.

Initial-boundary-value problem consisting of the two partial differential equations, supplemented by
boundary conditions and initial conditions for the wetting pressure and the non-wetting saturation.

Relative Permeability and Capillary Pressure

Figure 2: Capillary pressure after
Brooks-Corey and van Genuchten.
Note different entry pressure behaviors.

The system of equations is strongly nonlinear mainly due to relative permeabilities
and capillary pressure. Standard approaches by Brooks-Corey and van Genuchten
are used to describe the reduction of permeability, induced by the appearance of a
second phase, and the capillary pressure. Laboratory measurements on Bentheim
sandstones were performed to fit the parameters for the capillary pressure-saturation
curve.

Figure 1: Relative permeability curves for
the wetting and non-wetting phase after
Brooks-Corey and van Genuchten.

Reference: Büsing, H., Willkomm, J., Bischof, C. H. and Clauser, C. Using exact Jacobians in an implicit Newton method for
solving multiphase flow in porous media, Int. J. Computational Science and Engineering, (in review).
Acknowledgement: This is joint work with J. Willkomm from TU Darmstadt. We acknowledge support from a research grant of the
E.ON Energy Research Center, RWTH Aachen University and thank for the help of Andreas Wolf with implementational details.

,QYHUWLQJURFNSHUPHDELOLW\IURPVDWXUDWLRQDQGVWUHDPLQJSRWHQWLDO
LQDWZRSKDVHIORZVFHQDULR
Henrik Büsing & Christian Vogt
Applied Geophysics and Geothermal Energy, E.ON Energy Research
Center, RWTH Aachen University, Germany
Contact: [hbuesing;cvogt]@eonerc.rwth.aachen.de

Motivation
Characterizing subsurface reservoirs (e.g. for geothermal or CO2 applications) requires reliable information on hydraulic properties of the reservoir. We investigate whether it is possible to
estimate reservoir permeability using the non-wetting phase CO2 as a tracer within a porous medium filled with brine as wetting phase or using self-potential data originating at the
displacement front. We study a heterogeneous spatial permeability distribution (19762 free parameters) characterized by a synthetic reference distributions, which is assumed as unknown
and will be estimated by Monte Carlo inverse modeling. In this poster, we show by which quality the reference distribution can be inverted by a Metropolis algorithm.

Inversion of saturation data of the non-wetting phase alone

Model Description
This model consists of 241 x 2 x 41 cells with a grid size of 600 m x 1 m x 100 m. The
reference distribution of permeability and the corresponding saturation are shown in
Figure 1. Following Vogt et al. (2012), we use a simple Monte Carlo approach for the
inversion. Here, 10 000 equally likely realizations are sampled from a prior probability
density function given by a log-normal permeability distribution. One of these realizations is
assumed as “true” reference. Then, two-phase flow equations are solved using a module
(Büsing et al., 2012) of the simulator SHEMAT-Suite (Rath et al., 2006) for a simulation
time of 67 days. The numerical method is based on a space and time discretization and a
linearization of the arising non-linear algebraic system with Newtons method, where the
required Jacobians are obtained with automatic differentiation (AD) (Griewank and Walther,
2008), providing the exact derivatives.
In addition, an electric self-potential (SP) originates at the displacement front between CO2
and water. This results in a voltage signal propagating about 100 m ahead of the shock.

Inversion of electric streaming–potential data alone
Â

Metroplis Algorithm
During the simulation period, CO2 is injected with a rate of 0.4 kg s-1 in the bottom left
corner of the model. Now, simulated saturation and SP data of each realization are
compared with perturbed data recorded along wells within the reference model (Figure 1)
at x = 0 m, x = 250 m, and x = 500 m using the root mean square error (RMSE) as
objective function. Smallest RMSE correspond to good fits.
The estimation is based on different sources of data and divided into three cases:
• inversion of saturation data of the non-wetting phase alone;
• inversion of electric streaming-potential (SP) data alone;
• and joint inversion of saturation and SP data.
The posterior pdf is sampled using a Metropolis algorithm (Mosegaard and Sambridge,
2002). The algorithm follows this structure:
• Draw an arbitrary sample from the ensemble of realizations.
• Accept new sample in posterior pdf with probability:
s2 is the standard deviation and S the data mistfit (here: RMSE).

Joint inversion of saturation and SP data

• S(pnew) becomes S(pold) when sample is accepted.
• Go on to next ensemble realization.
Figure 1: Heterogeneous
permeability field and
corresponding saturation and
SP after 67 days of CO2
injection.

Conclusion
Inversion of saturation and SP data yields similar results. The high permeable region close
to the injection area as well as the little permeable region at the center of the model are
identified. However, the dimension of the latter region is clearly underestimated. In addition,
all pathways or barriers for fluid flow in the upper and right regions are characterized by
large estimation errors. Joint estimation increases the quality of the estimation only little.
In summary, only pathways closely located to the injection well can be identified with the
Metropolis algorithm. As both types of used data contain more information of the flow field,
more sophisticated Monte Carlo methods (e. g. Ensemble Kalman Filtering) will be applied
in the future.

Figure 1: Number of hits accepted for the posterior pdf by the Metropolis algorithm and
corresponding RMSE (misfit) based on saturation and streaming potential data.
FRQWDFW>KEXHVLQJFYRJW@#HRQHUFUZWKDDFKHQGHeeZZZHRQHUFUZWKDDFKHQGHJJH
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Heterogeneous porous medium

Figure 5: Comparison of iterative solvers for homogeneous and heterogeneous
porous medium.

Figure 4: Comparison of preconditioners for homogeneous and heterogeneous
porous medium.
Homogeneous porous medium
Heterogeneous porous medium

Homogeneous porous medium

We analyze different iterative methods, namely BiCGStab, GMRES, TFQMR and
AGMG with different preconditioners, ILU0, BoomerAMG, Euclid, Jacobi, BlockJacobi and ASM. Our results show that BiCGStab performs favorable in terms of
speed and iterations and ILU0 as implemented in the Euclid preconditioner performs
best in this selection of preconditioners.

Comparison of Iterative Methods and
Preconditioners

Figure 3: a) Finite element with intersecting volume b) Sparsity pattern of the Jacobian.
Shown are non-zero entries (7-point stencil) of the four blocks of the Jacobian.

a)

A finite element finite volume box method on a regular grid is used as space
discretization. Time discretization is performed by the fully implicit Euler method.
Advective contributions are accounted for by an upwind method of first order. The
resulting system of nonlinear algebraic equations is linearized with Newton's
method. Exact Jacobians are obtained by automatic differentiation. Iterative
methods with an appropriate preconditioning are used to solve the linear systems in
every Newton step.

Numerical Method

It turns out that AD performs favourable compared to FD both in terms of precision
and speed. In our two-dimensional test example the number of Newton iterations
per time step for AD is significantly lower than in the case of FD. In addition
iterative methods gain considerably from the utilization of exact Jacobians. Hence,
we advise to avoid the introduction of additional numerical errors through finite
differences and propose automatic differentiation as an efficient alternative.

Conclusion

Figure 7: Saturation distribution after 1, 5, 10, 30 and 67 days of injection with 0.4
kg/s in a depth of 1000 m.

Figure 8: Number of
Newton iterations per
time step for AD and FD.

Fig. 6: Saturation after 67 days of injection (homogeneous medium).

Our test example models the injection of CO2 into a 1000 m deep reservoir. The
propagation of the CO2 plume is dominated by advective transport in the beginning.
Buoyancy forces due to the density difference between CO2 and brine lead to a
migration upwards. The saturation front is highly branched due to the heterogeneous
permeability field. We compare the AD and FD approach and show that
AD is favorable in terms of speed and precision.

CO2 Injection into Heterogeneous Formation

Institute for Applied Geophysics and Geothermal Energy, E.ON Energy Research Center; RWTH Aachen University, Germany

The geological storage of CO2 is an option to mitigate the effects of CO2 emissions on
global climate. We consider a fully coupled formulation for two-phase flow in porous
media to model the propagation of the CO2 plume underground. After space and time
discretization we end up with a nonlinear algebraic system. Newton's method is used
for the linearization and the arising linear systems are solved with iterative methods in
every Newton step. The required Jacobians can be obtained elegantly by automatic
differentiation (AD). We illustrate the advantages of exact Jacobians in a test example
for two-phase flow in a highly heterogeneous porous media investigating the evolution
of the subsurface CO2 plume.

Initial-boundary-value problem consisting of the two partial differential equations, supplemented by
boundary conditions and initial conditions for the wetting pressure and the non-wetting saturation.

Heterogeneous Porosity and Permeability
We use a Gaussian distribution for the porosity field. Subsequently we derive the
corresponding permeabilities with a fractal model by Pape et al. for porous media
calibrated on sedimentary rocks. The used equation  ܭൌ ͳͷͷ߶  ͵͵ͳͷ߶ʹ 
͵Ͳ ͳͲ߶ ͳͲ is valid for a Rotliegend sandstone typical for the northeastern German
basin.
Porosity field

Permeability field

Figure 1: Gaussian distribution Figure 2: Heterogeneous porosity and permeability
for the porosity and permeability field used for the numerical simulations.
after Pape et al.
References: Büsing, H., Willkomm, J., Bischof, C. H. and Clauser, C. Using exact Jacobians in an implicit Newton method for
solving multiphase flow in porous media, Int. J. Computational Science and Engineering, (to appear).
Pape, H., Clauser, C. and Iffland, J., 1999. Permeability prediction based on fractal pore-space geometry, Geophysics, 64(5),
1447–1460.
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